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A B S T R A C T 
S-functions, as developed by D.E. Littlewood, are
reviewed and their properties developed and extended. A 
computer programme has been written to perform most s­
function operations. In particular, S-function division is 
defined, which produces many simplifications, and general 
methods for calculating both inner and outer plethysm are 
derived. 
The properties of matrix groups are similarly discussed 
using the theory of S-functions and programmes written to 
produce branching rules and Kronecker products. This 
required some new work on spin characters and on the differ­
ence characters of even dimensional rotation groups. 
Generalized Racah tensors are used to study the group 
properties of general mixed configurations of electrons. 
Some properties of factorized general coupling and re­
coupling coefficients are also derived. These properties 
are used to calculate part of general two body fractional 
parentage coefficients. 
The above methods are used to investigate the usefulness 
of the group R4 as an approximate symmetry for the first row
atoms. It is found that the interaction with the under­
lying ls2 shell completely breaks this symmetry.
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In the past decade theoretical physicists have shown 
great interest in the theory of continuous groups for 
application to a wide range of physical problems. Notable, 
among the many uses, has been that of the compact continuous 
groups, to describe the transformation properties of 
N-particle atomic and nuclear wave-functions. This use
was pioneered by Racah112 and physicists have tended to
concentrate on an approach, in the tradition of Elie
Cartan3 and Sophus Lie4, of considering the properties of
infinitesimal transformations. Hermann Weyl's book, "The
Classical Groups 115, has undoubtably exercised a considerable
influence on these developments.
For much of this thesis I intend to use an alternative 
approach to the theory of continuous groups. This approach 
complements the earlier work of Cartan and Lie, and has 
been developed by D.E. Littlewood as a consequence of 
Schur's original thesis6 on the properties of invariant 
matrices. Littlewood's treatment 718 circumvents the study 
of infinitesimal transformations by considering the 
properties of special functions of the roots of the matrices 
that characterize the elements of the continuous groups. 
This approach obviates constructing the group characters 
explicitly. These functions, known as Schur functions, or 
simply S-functions, have been used by Littlewood to find 
relatively simple formulae connecting the characters of 
representation of the unitary symplectic, orthogonal and 
rotation groups. 
2 
The first half of this thesis is concerned with a 
systemization of Littlewood's methods, with the aim of 
writing computer programmes that perform all required 
operations with characters of the symmetric and the contin­
uous groups. Unlike other authors, I prefer to introduce 
S-functions as simple algebraic entities, which we may
combine together in several ways. From the well-known
9110 
outer multiplication of S-functions, I am led to a concept
of division of S-functions. This new operation not only
considerably simplifies calculations, but leads to a new
insight into many of the relations (e.g. the canonical
chain for rotation groups).
Using these two operations and a theorem by Littlewood 
it is a simple matter to write a programme for the system­
atic evaluation of inner products of S-functions, without 
the use of character tables. The operations of inner and 
outer plethysm have presented even more difficulties in the 
past. A little known recursion relation due to Murnaghan 
provides the key to the machine calculation of outer 
plethysm. I prefer to regard this operation as a substi-
t · ll t . d d tlO th th ution or as a symme rize pro uc ra er an as an
. f . 8 immanant o an immanant • In order to calculate inner
plethysms I develop the algebra to the stage where it will
be a simple matter to write a programme remarkably similar
to the outer plethysm programme.
3 
Chapter two briefly outlines some of the properties of 
the generating functions that may be used to prove the 
results of Chapter one. Using these methods two new special 
series required in the following chapter are derived. The 
S-functions generated by such special series are basic to
the treatment in Chapter three of the matrix representation 
theory of the continuous groups. 
The beginning of this next chapter is a brief outline 
of how to obtain integration formulae and class functions 
for the continuous groups. Littlewood uses the theory of 
immanants to obtain the group characters, but since this 
requires much knowledge of matrix theory, I use an approach 
. 12-14 more akin to that of Murnaghan , although, of course,
the use of S-functions is based on Littlewood's text 7 • In 
the course of deriving the spin characters of the rotation 
groups, I have noted several corrections to Littlewood's 
text (appendix I}. The large part of this chapter is, 
however, concerned with systematizing the algebra of 
representation theory. Results due to Littlewood, Judd and 
others, are used to give a direct means of machine calculation 
of Kronecker products and of branching rules. This required 
4 
that I resolve the various products of the basic spin and 
difference characters of the rotation groups. The resolut­
ion of the Kronecker squares of these characters is also 
derived including the dimension check, since these are 
required for selection rules. I finish the chapter by re­
deriving the canonical chain for all characters of rotation 
groups, to show how trivial an otherwise complicated problem 
becomes when using the algebra of S-functions. 
Almost all of the algebra of S-functions and of 
character theory discussed here has been programmed. The 
important exception is the inner plethysm, but the method 
derived here is now directly amenable. The seventh chapter 
discusses some of the computing problems. A large number 
(200 pages) of tables are being published32 and Appendix 
III gives only representative output of programmes written 
since then. 
The other three chapters are more in the approach 
commonly used by physicists. Chapter four generalizes work 
done by Feneuille and others on mixed configurations, using 
the methods of Racah tensors, but in choosing subgroups we 
bear in mind the fact that R4 is an exact symmetry for the
bound states of the non-relativistic hydrogen atom. I study 
various choices for the linear combinations of y (k) (ta,tb)
and v (k) (tb,t ) required to form these subgroups. After� a 
defining a suitable combination, I obtain the commutation 
5 
relations and hence construct all non-exceptional root 
figures. The transformation properties of states and 
operators under the rotation and symplectic groups follow 
easily, but I also derive the transformation properties of 
the operators under unitary operations. General Casimir 
operators and eigenvalues are given in terms of these Racah 
tensors. A general expression for the inter-electronic 
coulomb interaction is also given. 
Much work is being done at the present on the calcul­
ation of generalized coupling coefficients. Various papers 
have been published on the symmetry properties of the 
coupling coefficients 
< wlml ;w2m2h �
where the ket I wrn> is the mth ket spanning the representat­
ion w, y being an additional label required if w appears 
more than once in the Kronecker product w1 x w2• However,
physicists are usually interested in a group chain and 
write a ket as lwuLM> (multiplicity labels suppressed). The 
resultant coupling coefficients may be factored by the 
Wigner-Eckart theorem. In Chapter fiv,e I derive several 
new results concerning these coefficients, and am thus able 
to obtain, quite generally, the square of the two-body 
coefficients of fractional parentage for the part of the 
chain 
6 
In Chapter six all these various ideas are used to 
decide how much the R4 symmetry is broken by inter-electron­
ic coulornbic forces in a non-hydrogenic atom. The inter­
action is symmetrized under R4 operations and the effect of
various radial functions observed. With either hydrogenic 
or Hartree Fock wave-functions it is found that, contrary 
to previous results, the R4 symmetry is completely broken.
The symmetry is primarily broken by the underlying closed 
shells of electrons. 
C H A P T E R  I 
S-FUNCTIONAL ANALYSIS 
THE LIBRARY 
UNIVERSITY OF CANTERBURY 
CHRl5TCHURCH, 'ii.z. 
The S-function may be defined without reference to 
group theory, and few basic tools of combinatorial analysis 
are required. In the main this approach is that of Little­
wood7 and most results may be proved using generating 
functions (see Chapter II) , but we shall not attempt a 
rigorous development here. 
Our approach has the advantage that theorems do not 
require use of group properties for their proof, and more 
importantly, we do not require the use of symmetric group 
characters, which would otherwise be essential. While these 
characters have been evaluated for symmetric groups up to 
s16, they are very difficult to use except in simple cases.
1. FUNDAM ENTAL NOTIONS
Partitions: A set of r positive integers whose sum is n is 
said to form a partition of n. An ordered partition is one 
where the integers are ordered from largest to smallest (or 
vice versa) . All partitions henceforth, will be so ordered 
with the notation that a Greek letter will denote a general 
partition so: (>, ) or (A 1 '" 2, · • • "r) , and this will be 
assumed to be a partition of n. A Latin letter will denote 
8 
a partition into one part only. A Young diagram is 
associated with each partition. It is the graph of r rows, 
Ai dots (or squares) in the i
th row, with each row left
justified. A conjugate partition is formed by interchanging 
the rows and columns of the graph, and will be denoted by 
(�) 
0 0 0 0 0 0 
e. g. (322) ... o 0 (331) ... o 0 0 
0 0 0 
We see that (322) = (331). 
Some partitions are self-conjuga tes, e. g. (332). Partitions 
with repeated parts arec£ten written with a superscript
denoting the number of times the part occurs, thus 
(332 21) = (32221). 
Frobenius' notation is sometimes of use. The leading 
diagonal of the Young diagram is defined to be the one that
starts in the top left hand corner. For each dot on the 
diagonal we write down the number of dots to the right of 





























Young Tableaux: The term Young tableau is used to refer to 
a Young diagram which has its cells labelled in some 
fashion. 
If we label a diagram corresponding to a partition of 
n by the numbers 1, 2,···,n without restricting the ways, 
there will be n! possible tableaux. 
Symmetric Functions: A symmetric function on k variables 
a. is one that is unchanged by any permutation of the 
J. 
variables. Two such functions are of interest in this 
chapter. 
1) Mononomial Symmetric functions - if (p} is a
partition we define the mononomial SP such that
M p = ( 1.1) 
where the surrnnation is over all different permutations of 
2 )H __ o_m_o_.g._e_n_e_ o_ u_ s_P_r _o _d_u_c_t_S_urn_ s....L., _h_n - The homogeneous
product sum h is defined to be the sum over all of then 







If (A) is a partition of n, the S-function {A} is the
determinant of the hi's defined as follows:
{A} = ih IA -s+t s 
(1.3) 
the s and t being subscripts for the row and column res­
pectively. We extend the definition of the homogeneous 
product sums to include h0 = 1 and hi = O if i < o.
Thus 
{31 1 }  =
0 
also {n} = jh I =h .n n 
= 
The Symmetric Group: Under the operations of the group the 
symmetric group S with n! elements is split into classes pn 
with h elements. Each class is the complete set of 
p 
11 
conjugates of a given element. The irreducible representat­
ions of the group may be placed into a one to one corres­
pondence with the partitions on n. Because conjugate 
matrices have the same characteristic {i. e. spur or trace) 
there exists a unique number x 
{A); the characteristic for
p 
a particular class of a representation. The set of charac-
teristics of a representation is known as the character of 
the representation. If we define a function 
= 
h 
E p {A) M 
P nT xP P (1.4) 
we may prove that it is in complete correspondence with the 
representations of the symmetric group. 
Littlewood7 has shown that this definition is entirely 
equivalent to the definition of the S-function given 
earlier, to give us a complete isomorphism between operations 
on S- functions and operations on representations of the 
symmetric groups. 
The D egree of an S-function: The degree (or dimension) of 
a representation of the symmetric group has been derived a 
number of ways by different workers. Because of the close 
correspondence between S and the S- functions correspondingn 
to a partition of n we often talk of the degree of the 
S-function.
The degree of the representation {A} is 
12 
r 
f{A} = n! 1.'<1t_1. (), .-). .+j-i)J- l. J 
r 
(1. 5) 
i!l (Ai +r-i) !
where{).} is a partition of n into r parts. A formula more 
suited to hand calculation, given in terms of a concept of 
"hook lengths", is derived by Robinson10 • 
3. EXPANSION OF ANS-FUNCTION IN TERMS OF THE VARIABLES
It is of interest to reverse the procedure for
defining an S-function and to be able to write down the 
expression of the S-function in terms of the basic 
variables. Littlewood. gives us a graphical method of 
doing this: 
Firstly we draw the graph of the partition A and then 
we label the cells in all possible ways such that 
1) reading across the graph the labels are non­
decreasing, 
2) reading down the graph the labels are strictly
increasing, 
3) when we write down how many labels we have of each
kind, then we must have an ordered partition. 
The list of partitions are the mononomials that form 
the S-function. We may produce the sum of variables by 
taking the appropriate powers and products for all 
13 
permutations of the variables suffices. 















giving {31} = (31) + (22) + 2 (211) + 3 (.1111).
If the S-function is on the three variables x1 x2 x3
the mononomials (1111) are null and the others give rise to 
the terms 
4. OUTER MULTIPLICATION S-FUNCTIONS
An S-function {A}, {A) a partition on m, is a function 
of degree m on the variables x
1
,···,¾t, with particular
symmetry properties. We may multiply together two such 
functions {A} and{µ}, being functions of degree m and n 
respectively, to produce a function of degree m+n. This 
function will be, in general, reducible to a sum of functions 
{v}with the appropriate S-functional symmetries. The
resolution of such a product - corresponding to a product 
of the representations {A} and {µ} of symmetric groups S m
and S to form representations {v} of S - is known asn m+n 
14 
the outer or ordinary multiplication of S-functions. It is 
of key importance in the algebra. The rules for performing 
the operation using the Young diagram representation have 
b · · 7, 9 1 h h f 
. . k een given many times a t oug , so ar as it is nown,
it has not suggested how to systematically cover all 
possibilities for the graphs. 
The S-functions appearing in the product {A}{µ} = t{v} 
are those which can be built by adding to the graph of· {A} 
µ1 symbols a, µ2 symbols 8, µ3 symbols y, etc. , in this
order and in the ways specified by the following: 
1) No two identical symbols appear in the same column
of the graph. 
2) If we count the a's, S's, y's etc. from right to
left, starting at the top, then at all times while the count 
is being made, the number of a's must be not less than the 
number of S's which must not be less than the number of y's 
and so on. 
3) The graphs we obtain after the addition of each
symbol must be regular, i. e. the corresponding partition 
must be ordered. 
15 
The Principal Part of the product is the term obtained 
when the partitions are simply added, i. e. the partition 
0.1+l-1 1'"2+µ2,· • • ,"1+µ1 ,···}. It corresponds graphically to
putting all the a's in the first row, the S' s in the second 
and so on. The other terms in the product may be system­
atically produced by removing the last element and trying 
it on the next lower line, then the next etc. When it will 
fit nowhere else remove the second to last element also. 
Try to fit this in the same fashion, if no place is found 
remove the third to last element, when one is found to fit 
try to replace the elements in their highest positions. 
Note also that, for example, for the third y we may place 
it on the same line, or below, the second y but not above 
it. 
This operation is checked dimensionally by use of the 
equation 
f{)df{ }Cn+m)! µ n!m! = Ef{v}, (1. 5
) 
where (A) is a partition of n, and (µ) of m. For example 
{31}{21} 








0 0 0 � 0 0 0 a. 0 0 0 a. 0 0 0 
+ + + + 
0 a. 13 0 a. 0 13 0 
13 a. a. 
13 
0 0 0 0 0 0 0 0 0 
+ + + 
0 a. a. 0 a. 0 a. 
13 a. 13 a. 
13 
note that the graphs 
0 0 0 0 0 0 0 0 0 0 0 0 
0 a. 13 0 0 a. a. 13 0 13 a. 
a. a. a. 
a. 
13 
all break the rules given above. Thus we obtain the 
expansion 
{ 31}{ 21} = {52} + {512} + {43} + 2{421} + {41 3} + { 321}





= 14 + 15 + 14 + 2.35 + 20 + 21 + 21 + 35. 
5. S-FUNCTION DIVISION
17 
Frequently the algebra requires the evaluation of the
sum of S-functions {v} which when multiplied by a particular 
S-function {µ} give a particular S-function {A} , the
coefficient of {v} being the coefficient of {A} in the
outer product. Hence I define the ( outer) division of s­
functions {A}/{µ} to be:
rr , {v}V µVA 





The evaluation of the division is somewhat easier than each 
product, thus considerably simplifying the calculation. 
We have the graph of{µ} and wish to know all possible 
ways of adding elements to form the graph of {A} given the 
rules for the product. To evaluate the division, draw the 
graph for {A} with squares instead of dots, and fill up 
the left hand top corner with the graph corresponding to 
{µ} . Graph{µ} must fit entirely inside {A} or the result 
must be null. The remaining squares are then labelled by 
a's, S's, y's etc. by rows, starting in the top left, as 
given by rules 1 and 2 of the product and also with: 
1 8  
3) The symbols must not decrease when reading left to
right across a row, i.e. there must not be an a to the 
right of a S etc. 
4) The resultant S-function must be ordered.
For example {4211}/{211} 
0 0 o o a a
I o = o a
o o a a 
+ o a 






o o a a
+ 0 $ 
0 
note that the graphs 




o o a a 
I O Y 
0 
s 
are not allowed by the rules. 
0 
o o a a




{4211}/{211} = {4} + 2{31} + {2 2} + {211} . 
S -function division may also be performed by use of 
the properties of isobaric determinantal forms7 
o.}/{µ} = lh I;\ -µ -s+t s t 
19 
where .Xs is the s-th part of the partition (.:\) and µ t is
the t-th part of the partition ( µ) and thus s labels the 
rows and t the columns of the determinant. In the case of 











= {4} + 2{31} + {22} + {211}
as before. In practice the preceding method is to be 
preferred for machine calculation. The notation{.:\}/{µ} 
is to be preferred over {A/ µ} since we may easily show: 
({;\} + {µ})/{v} = {A}/{v} +·{µ}/{v} (1. 9) 
({.X}/{µ}) /{v} = ({A}/{v})/{µ} = {.X}/{µ}/{v} (1 .1 0) 
0.}/({µ} + {v}) = {)..}/{µ} + Od/{v} 
{A}/{ µ }/{v} = {A}/({ µ }{v}) 




When an S-function is defined from character theory
the problem of expressing it in terms of sums and differences 
of symmet ric functions is a little difficult. However, the 
equivalence between that definition and our definition 
renders the problem trivial since our defining determinant 
is in terms of the h 's 
r • 
o.J = lh I A -s+t 's 
h = {r}.r (1.13) 
Sometimes it is useful to know the expansion of {A} in terms 
of products of the antisymmet ric representations {lr} .  
Because h
r 
= {l} we may take conjugates of the above 
relation. Alternatively we define the elementary symmetric 
function a as the mononomial corresponding to the 
partition (1 r) 
= 
leading to the result 9 




In practice however, such a determinant is difficult 
to write down except in simple cases, owing to the very 
large number of terms (r!}. The majority of these terms is 
zero and many others cancel. Instead one can systematically 
write 
{A A •••A } 1 2 r 
= {A }{A A •••A }1 2 3 r 
nearly symmetric representations. 
7. INNER MULTIPLICATI ON OF S -FUNCTIONS
- terms of more
The inner multiplication of S -functions is defined as
the product of two S -functions on the different variables 
(x
1···xk}, (y1 ···yi). It corresponds to a product of two
representations of the same symmetric group. Its evaluat­
ion is considerably more complex than the outer product 
and cannot be done directly by a diagrammatic method. The 
S -functions {A} and{µ} must be of the same degree n in 
the variables (x.}, (y.} and the product functions will be 
1 J 
of degree n in the variables (x1 ,··· ,xk,y1,···yi>·
Numerous attempts have been made to simplify the problem 
of resolving the product, with varying degrees of success. 
Most of these attempts have used the character table for 
the corresponding symmetric group, however, Littlewood15
has developed a much more flexible method where the 
character tables are not required. The key theorem is 
22 
·c {;\} { µ } ) o{ \)} = E r {{)do{p}) {{µ}o{cr}) P ,cr PO\/ 
{1.16) 
where r has the usual meaning for the outer product. 
p<:5\/ 
The symmtric representation is the identity element for 
this operation: 
{A}O{n} = {A}, {1.17) 
{A) a partition on n. Inner multiplication is distributive 
with respect to addition, hence all that is required for 
the evaluation of any inner product is for one S-function 
to be expressed in tenns of symmetric parts, and the 
appropriate outer multiplications perfonned. To evaluate 
0.}o{ µ} 
the steps are 
= E g, {"}/\ µ \) 





where {v.) is a partition of i, the sum is over all such 
l. 




outer product {v }{vb}•••{v }.a C 
We may check our result by noting: 
f{A}f{µ} = E g, f{V} 
/\µ\/ 







The conjugate relations are of importance in listing 
tables of inner products, reducing the number by a factor 
of four. Relations (1. 21b) express not only that the 
relation is Abelian, but that if we were to define inner 
division analogous to outer division , we would merely have 
the operation of inner multiplication: 
i.e. O.} f {µ} = {),}o{µ} (1. 22) 
Trivial consequences of this are that the identity 
{ n} is contained only in products of the type {A }O{A } and
the antisymmetric representation { ln} is contained only in
those of the type {A }o{A }•
8. THE OUTER PLETHYSM OF S-FUNCTIONS
An S-function {A 1 (A )  a partition of m is a function
of degree m in the variables x
1· •• xk. 
independent terms 
a. 1 a. 2 a.k xl x2 ••• xk ) as 
in the function (of 
basic variables and 
If we take the
the form 
substitute them in as
variables for an S-function { µ} , degree n, we will have a 
function of degree mn in the original variables. Little­
wood161 1 7  has shown that this function can be resolved into
a sum of S-functions {v }. 
the
We write this operation of (outer) plethysm as 
0.} ® {µ} = EG, {v}/\ µ" 
24 
(1.23) 
If we take an n-fold pr oduct of {>- } with itself then 
we will also get a sum of S-functions {v} ' of degr ee mn. 
The plethysm {>- } ® {µ} can be r egarded as separ ating the 
n-fold pr oduct into a sum of "symmetrized outer products".
We have in fact:
{>- }.{>-} •••n times = E (f{v} ).{>-} ® {v } 
(v) 
(1. 24) 
1 0  The coefficient in the expansion can be shown , using
Schur's lemma, to be the dimension of the representation 
{µ} of Sn. The operation may be checked dimensionally by
use of the equation 
(1.26) 
From its definition it follows that the operation is 
distr ibutive on the r ight for addition and multiplication 
{A} ® (A±B) = { A} ® A ± {A} ® B 
{ A } ® ( A. B) = ( {A } ® A) ({ A } ® B)
Plethysm may be carried out in any order 
({A}® {µ}) ® {v } = {>- } ® ({µ} ® {v } )  
For operations on the left, cross terms appear in the 




substitution and we obtain the rules 
(A+B) ® Pd = E (A@{µ}) (B® ( {;\ }/{µ})) 
( A-B) ® 0, } = E ( A® 0. } / { µ } ) • ( -) p • ( B® { µ } ) 
(A.B) ® {;\} = E(A®{µ}). (B®({>.}o{µ})) 
(1.30) 
(1. 3 1) 
(1.32) 
where the sums are over (µ ) a partition of p. The inner 
product in eqn (1.3 2) restricts the sum to the partitions 
with p = n. A conjugate relation is useful: 
� 
{A}® {µ} = {A'.} ®  {µ} n even 
= {A} ® {µ} n odd 
(µ ) a partition of n. 
(1.33a) 
(1. 33 b) 
The theory of plethysm was approached by Littlewood 
from the theory of induced matrices and of immanants of 
matrices. A review of this approach may be found in P. R. 
Smith's thesis18 • The approach given above is more akin 
to combinatorial analysis. 
Much work in the 1 950's went into.finding a systematic 
method of calculating plethysms. Ibrahim 1 9 calculated
tables of plethysms for mn � l8 p by the use of the theorem: 
( { A } ® { µ } ) / { 1 } = [ {.>. } ® ( { µ } / { 1 } ) ]( {.A } / { 1 } ] (1.34) 
With{µ}= {n} this theorem forms the basis of Littlewood's 
"third method" of obtaining the separation of a plethysm. 
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To use t hi s  recursi ve met hod t he ri ght hand si de of 
eqn { 1 .• 34 ) i s  calculat ed fi rst and t hen vari ous { v }  are 
t ri ed, unti l a consi st ent set i s  f ound. The choi ce i s  
rat her di ffi cult and an array of " pri nci ple part" t heorems 
are used20 -2 2 •
Sp eci al Cases: From t he defi niti on of plet hysm we have 
t hat 
{m} ® {n} ::::> {mn}
{ m } ® { µ } ;zS { mn }
(1. 36 )
{µ } 1 {n} and {µ ) a partiti on of n 
Generally 
(1 . 3 6 a) 
and t hi s  t erm ,  bei ng t he pri nci pal part of t he n-f old 
product , does not occur i n  any ot her plet hysm {A } ® {µ } . 
Li kewi se, i n  t he n-f old product no S-f uncti on on great er 
t han nr part s wi ll occur. 
Cert ai n ot her speci al result s can be obt ai ned: 
{A } ® {O } = {O } 
{n} ® {2 } = {2 n} + {2 n-2 , 2 } + {2 n-4 , 4 } + • • •
{n} ® {11 }  = {2 n- l, l} + {2 n-3, 3} + • • •
{O } ® {A } = {O } f or {A } = {n} 
= 0 ot herwi se 
(1. 3 7 )  
{2} ® {n} = all S-functions corresponding to
partitions of 2n into even parts only. 
2 3  2 4  Two theorems due to F.D. Murnaghan ' lead to a 
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systematic evaluation of any plethysm. The method is still 
recursive, but does not lead to any arbitrary choices like 
the method above. 
We 11se ( _{.11.} ] k to denote the result of subtracting one
node from each row of the corresponding diagram ( 11. )  of k 
parts , all other diagrams contribute nothing. 
e.g.· [{�} + { 5 1} + {42} + {222} ] 2 
= { 4} + { 3 1}
The theorems state: 
[ {m } ® {  n} ] k =
n-k 
E (-l) r-l ({m}®{lr}) [{m} ®{n-r} ] k
r=l 
n-k 
E {-l) r-l { m} ®{r})  [{m}®{ln-r} ] kr=l 
n-k + { -1 )  ({m-l} ®{n}) {n-k}
( 1 . 3 8 )  
( 1 . 39 ) 
Where we omit all terms in the products that have more 
than k parts. 
Using a table of {m}®{n} and {m}®{ln} it is a straight­
forward, if lengthy, process to build up, using eqns 
2 8  
{ 1 . 2 7-1 . 32 ) ,  any plethysm { >.. )® { µ} required. It will be noted 
that if { >..} is on a relatively small number of variables, 
many S-functions that would otherwise occur, will be null. 
In this process of building up a plethysm it is easy to 
omit such terms when they first make their appearance. 
It is by using this method that the table of plethysms 
in Appendix III was machine calculated. 
9. INNER PLETHYSMS
At this point it is natural to introduce the concept
of the symmetrized inner product10 1 2 5 1 2 6  { >..} 0{ µ }  where 
{ >.. } o{ �} o• • • n  times = E { f{ µ } } .{ >..} 0{ µ} 
This operation has its similarities with outer 
plethysm 
{ >..} 0 {A±B} = { >..} GA ± { >..} @B 
{ A } (i) {A. B} = { { >.. }<i>A} o { { >.. lci>B} 
{A+B} 0 {A} = E {A<!>{ µ} } o [ B  © { { >..} /{ µ } ) ] 
{A-B} © { >..} = E { -l} P[ A @ ( { >..} / { µ} } ] 0 (B©{ µ} } 
( µ }  a partition of p 
(AoB} ® { >..} = E (A@ { µ } } o· [ B @  ( { µ } o{ >.. } ) ] 
{ 1. 4 0 } 
( 1 .  41 }  
{ 1. 42 } 
{ 1 . 4 3 }
{ 1 . 44 }
( 1 .  4 5 } 
It is to be noted that the operation behaves as an 
inner operation on the left and as an outer operation on 
the right , in particular 
( { >d ® { µ } )  ® { v }  = L\ } ® ( { µ } ® { v } )
We have the dimension check 
f ( LU ® { µ } )  = f�! } G { µ }  ( f ( { >, } ) )
where 
G{ µ } ( d) 
r µ .
= 7f 7f (d + j - i) 
i=l j=l 
Littlewood2 6  gives the special result that 
k = { m-k ,l  }
2 9 
( 1. 46} 
(1.4 7) 
(1. 4 7a) 
(1.4 8) 
Several other special results follow from eqs (1.4 0) and 
(1.47). 
Since { rn} o { rn} o • • · o { m } = { m}  
which by eqn (1.40) = E f ( { µ } )  { m }  <i { µ }
we have { m } ® { µ } 0 unless { µ }  n = { n }  or { 1 }
but 
n 
G{ l  } (1) = 0 n > 1 
{ m } @ { n} = { m } (1.4 9a} 
and { m }  <i> { µ }  = 0 { µ } =f { n } (1.49 b) 
Similarly m { l } <i { n }  = { m } n even (1.50a) 
= {lm} n odd
and 
m 0 { µ } =f { n } (1. 50b} {l  } () { µ } = 
30 
And using eqn (1.45 )  
= {)t }  @ {µ } 
= {;\ } (j {µ } 
n even 
n odd 
( 1 .  5 1 a)
(1.5 1 b)
S ince we k now {m-1 , 1 } @ {lk } (eqn (1.4 8 )) we m ay
evaluate {m-1 , 1 } @ {µ } by expr essing {µ } in term s  of t he 
ar _ {l
r } .  Using also eq.(1.46 )  we have
= {m- 1 , 1 }  ® ({lk } ® {µ } ). ( 1 .  5 2 )
k To evaluate {A} ® {µ } ,  {A} not of the form {m-k , l }
pr esents a mor e difficult problem. A procedure sim ilar to 
that for outer plethysm s  presents itself. We need only 
write a given S-function in term s  of m inner product of 
functions of the form {m-k , lk }.
e.g. {321 } = {4 11 } o {5 1 }  - {3111 } - {411 } - {4 2 }  - {5 1 }
{42 } = {5 1 } o { 5 1 } - {4 11 }  - {5 1 } - {6 } 
. {32 1 } = {4 11 } o {5 1 } - {51 } o {5 1 } - {3111 } + {6 } . . 
and {33} = {4 2 } 0 {5 1 } - {32 1 } - {4 11 } -t 4 2 } - {5 1 }
. {33} = {5 1 }  0 {5 1 }  o {5 1 }  - 2 {411 } o {5 1 }  - {5 1 }  o {5 1 }. . 
- {51 }  + {3111 }
3 1
Theor em: It is always possible to write an S- function {A } 
in ter ms of d- fold inner pr oducts 
( 1 . 5 3 )  
To prove this, w e  d efine a new ordering among the S- functions 
{A }, {µ }, partitions of m, that differs from the usual 





or if their first rows ar e eq ual, by the length of the first 
column: 
(ii) (X ) 1 > (ii > 1
If both first row and first column ar e eq ual we order w ith 
respect to the smallness of their lowest rows. A < µ
r r 
e. g. { 4 2 1} > { 4 3 } > { 3 2 11 } > { 3 31} > { 3 2 2 } > { 2 2 13 } > { 2 3 1 }  
We may r eplace {A }, {A } not o f  the form {m-k , l� }, by 
the set of S- functions given by 
{ A "} o { µ } - E { v } (1 . 5 4) 
w her e { A "} o { µ } = { ;\ }  + E { v }  and we ar e to prove that 
all the ter ms { A "} , { µ }  and { v }  pr eceed {A} in the above 
ord ering. 
If {;\ } = 
and 
= a+ l a > 0 
we take { A" }  = 
{ µ } = { m-a, a } 
It is clear that both { A" }  and { µ } preceed { A }  in the 
ordering. 
We may write 
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{ µ } = { m-a } { a } - { m-a+l } { a-1}  
and by Eqn (1. 20) 
( 1 .  55) 
{ A " } o { µ } = ({ A" }/{ t  }) { t  } - ({ A" }/{ t  1 }) { t 1 } (1. 56)a a a- a-
where { t } is summed over all partitions of a. Al l  terms a 
{ A" }/{ t } , 0." }/{ �  1} will have at least A1+1 cell s in the a a-
first row except one term of ' { A" }/{ a}. This one term of 
{ A" }/{ a }  is { A1, A2, · · · Ar- l ' l
n+l }. All the { v } arising from
the products of the other terms with their respective { f} 
must preceed { A }  in our ordering on account of condition 1. 
One term in { A1, A2, · · · , Ar- l ' l
n+ l } { a }  = E { v }  is { A }, all 
other terms wil l  have v < a+l, i. e. v < A (condition 3) .r r r 
This proves that by use of eqn (1. 52) we may systematically 
replace the lowest { A }  in an inner product expression by 
terms "higher" in this ordering. 
This method I have derived al lows the systematic 
evaluation of any symmetrized inner product. It is clear 
that, like outer plethysms, there is much manipulation to be 
done for al l  but the simplest calculations. 
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e. g. {3 2 1}  @ {11 }  = ({4 12 } o {5 1 }  - {5 1 }  o {5 1 }  - {3 13 } + {6 } )
® { 1 1 }  
by eqn (1 . 43 -1 . 44 ) 
= ({4 12 } o {5 1 } )  ® {11 }  + {5 1 }  o {5 1 }  © {2 }
+ {3 13 } ®{ 2 } + {6 } ® { 11 } - { 4 12 } 0 
0 {5 1 }  0 {5 1 }  - { 4 1 1 }  o {5 1 }  o {3 13 }
+ {412 } o {5 1 }  + {5 1 }  o {5 1 }  o {3 1
3 }
- {5 1 }  o {5 1 }  - {313 }
but we ha ve a lso by eqn (1 . 4 5 )  
({4 12 } o {5 1 } )  Ii> {11 }  = {4 12 } G {2 } o· {5 1 }  © {11 }
+ {4 li © {11 }  o {5 1 }  � {2 } 
a nd ({5 1 }  o {5 1 } )  ® {2 } = ({5 1 }  © {2 } )2 + ({5 1 }  G {11 } )2 
U se of eqs (1 . 4 1 - 1 . 42 ) a nd eqn (1 . 4 8) gives 
{5 1 } @ {11 }  = {4 12 } 
{5 1 } @ {2 } = {5 1 }  o {5 1 }  - {4 1
2 }
U sing a lso eqn (1 . 5 2 ) we a lso obta in 
{3 13 } ® {2 } 
a nd {4 12 } ® {11 }




{4 12 } o {4 12 } - {5 1 }  o {4 12 } + {5 1 }
{5 1 }  o {3 1 3 } - {2 1 4 }
{4 12 } o {4 12 } - {5 1 }  o {3 13 } + {2 14 }
a nd fina lly using {6 } o {11 }  = 0 lea ds to the result: 
{5 1 }  
3 4  
{3 2 1 }  � {11 }  = 3{4 12 } + {3 2 } + 2 {3 2 1 }  + 3 {313 } + 2 {2 2 12 }
+ {2 14 }
verifying the result given by Robinson10 by other means . 
C H A P T E R 2 
GENERATING FUNCTIONS AND SPECIAL SERIES 
1. INTRODUCTION
3 5  





, · · · ,xn and we stated graphical and combin­
atorial methods of analysing various "products" of such 
functions. If we work with generating functions it is a 
straightforward matter to prove the various expansions, 
and Littlewood7 in fact derives many of the results from 
this approach. 
It is clear, by actually doing the multiplication , 
that the a ' s  defined by: 
r 
f (x) = 
n 




z: (-l) r a xr 
r= O r 
= 0 ( 2 . 1 ) 





= { r }. 
n -1
= 1f (1- a  x)
. 1 r 
= 
1= 
z: h xr 
r=O  r 
{ 2 .  2 )
(2. 3) 
Much work in the last century was put into discovering 
the properties of these and other symmetric functions. 
However, for our purposes it is sufficient to quote several 
results of such analysis . The S-function itself was not 
defined until much later but the properties of the 
bialternant 
36 
{ A } = ( 2.  4)  
were also extensively studied, and the result obtained 
O. } = = 
where { µ }  = { A } . 
It is usual to write 
ll (a , • • • a ) 
1 n 
= 'IT 
i . < j 
= I aµ -s+t Is 
( a ,  - a . )
l. J 
( 2 .  5 )
(2 . 6 ) 
Various other relations may be derived. In particular 
al ar . we may show that any symmetric function E a  • • • a with
1 r 
a + · • · +a = 1 p p may be re-expressed in the form EK ( A) { A }, ( A)
a partition of p. 
2 .  GENERALIZED DEFINITION OF THE S-FUNCTION 
When we defined the S-function in Chapter I we wrote 
{ A } = l h  IA -s+t s 
It is convenient to retain this definition for the case of 
{ A }  not being of the form Al � A2 � • • •  � Ar · Any { A }
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not of this form may be expressed a s  such by simply inter­
changing adj acent rows of the determinant , leading to 
= { 2 . 7 }  
The generating functions of ar and hr may be re­
expressed 
f { x) = 
F {x) = l/1r {1 -a x}r 
= 
= 1 + {l} x + { 2 }x2 
r + • • • + { r} x  + · · ·
( 2 . la) 
{ 2 .  2 a) 
and these generating relations may be generalized to give 
the generating function for S-functions on p variables 
1r F {x  ) � {x x · · · x ) 
r=l r l




( 2 .  8 )  
where F {xr
) are p functions with the roots a 1· · · an� and the
sum is over all { >.. } and all permutations of the suffixes , 
the minus sign being taken for an odd permutation. 
The S-function { >.. }  is on the roots a of F (x) = O .
Denoting an S-function on the variables x • • • x by { x · >.. }1 n ' 
we have , analogous to the expansion of eqn { 2.5 ) that 
Eqn (2.8 ) leads to 
X pp 




1r F (x ) t.  (x • • • x )r 1 p 
= 
= I: { >, } { x ; A } 
1rF (x ) r s 
= 
3. SPECIAL SERIES OF S-FUNCTIONS
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( 2 . 10 )  
For the calculation of group characters in the next
chapter, we shall require expansions of certain symmetric 
functions of the variables a1 · · · an, in terms of the S-functions
associated with these variables. We shall need 
1r (l-a . a . ) 
J. J 




2 1r (l-a . ) 1r (l-a . a . ) J. J. J 
2 l/1r (l-a . ) 1r (l-a . a . ) 
J. l. J 
1r (l-8 a . ) 1r (l-a . a . ) 
J. l. J 
l/1r (l-8 a . } 1r (l-a . a . ) l. J. J 
(i) 
I: { $ } (ii) 
= (iii) 
= H o } (iv) 
= (v) & (vii) 
= (vi) & (viii)
( 2 .  11 )  
where the S-functions are partitions of p into r parts. 
The sequences are as follows: 
{ A }: all partitions which in Frobenius notation are of the 
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form a a b a b c ( a+l> ' ( a+l b+l> ' ( a+l b+l c+1> ' • • •
{ S } : all partitions which have an even number of parts of 
any given magnitude . 
{ y } : the con jugate series to { � } , i . e. those of the form 
{ o } : the conjugate series to s , i . e. partitions into even 
parts only 
{ s } : all self-conjugate partitions . 
{ n } : all S-functions. 
When we include the phase factors the series are 
{ O } - { 2 } + { 31}  - { 411} - { 3 2 } + { 513 } + { 43 1} 
+ • • • (ii)
(iii)
{ O }  + { 2 } + { 4} + { 2 2 } + { 6} + { 42 } + { 2 2 2 } + • • •  (iv) 
{ O }  - { l} + { 21} - { 2 2 } - { 312 } + { 3 2 1} + { 413 } - { 3 2 2 } 
- {4212 } (v} 
{ O }  + { 1} + { 2 } + { 11 }  + { 3 } + { 2 1} + { 111} + { 4} + • • •  (vi } 
{ O }  + { l} - { 21}  - { 2 2 } + { 312 } + { 3 2 1} - { 413 } - { 3 2 2 } 
(vii)
4 0  
{ 0 }  - { l} + { 2 }  + { 11}  - { 3 } - { 2 1} - { 111} + { 4} + • • { viii) 
It is readily verified that the four pairs, { i) & {ii) , 
{iii) & {iv) , etc . ,  when multiplied together, give { O }, as 
is required by their definition . 
Littlewood7 derives these expansions, except { vi) and 
{ viii ) . These two may be derived by similar methods. 
C H A P T E R 3 
CHARACTER THEORY OF THE CONTINUOUS GROUPS 
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This chapter is devoted to an analysis of the properties 
of characters of the continuous groups. I first rederive the 
expression of these characters in terms of S-functions 
correcting some errors in previous works (sections 1-8) . 
7 Most of these results , altho�gh well known , are not general-
ly used by physicists. The remainder of the chapter uses the 
powerful tools of S-functional analysis to give systematic 
prescriptions for the calculation of all branching rules , 
Kronecker products and selection rules for compact represen­
tations of the Cartan classes of groups A ,  B ,  C and D ,  alson n n n 
for the exceptional group G2 • Given the expression of the 
other exceptional group characters , in terms of S-functions , 
their properties would also follow immediately by these 
methods. 
1. EXTENSION OF FINITE GROUP PROPERTIES TO UNITARY MATRICES
The set of all n x n matrices with non-zero determinant 
satisfy the group axioms. To extend the orthogonal 
properties of group characters to such a group , the 
summation over the group elements must be replaced by 
integration over the group manifold. 
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If we require that the group manifold be a closed 
finite space, we are led to the condition that the charac­
teristic roots of the matrices have unit modulus . Such a 
compact group, is most generally, the group of unitary 
matrices of order n x n. That is, U .n 
Each element a . . of a unitary matrix is algebraically l.J 
independent of its complex conj ugate a� . •  
l. J
2 The n elements
2 of the matrix have n orthonormality relations between
them :
E a a* = cS . .r .  r .  l. Jr i. J
( 3 . 1 ) 
and thus the n2 elements are linearly independent. Thus 7 
every algebraic invariant of the group of unitary matrices 
is also an invariant of the group of all non-singular real 
matrices GL (n). But in the previous chapter we showed that 
all such invariants can be expressed as S-functions. 
Hence we may show that the complete set of characters 
of Un are the S-functions of the characteristic roots . It
is worth remarking that since each characteristic root has 
modulus unity , the n complex numbers which are the roots, 
require only one parameter, and thus the S-functions are on 
i<Pr n independent variables of the form e •
2. INTEGRA TION OVER THE UNITARY GROUP M ANIF OLD
A matrix of an infinitesimal transformation may be
written I + � where � is a skew-H erm itian matrix with in­




= if' pp ( 3 .  2 a) 
= 4> '  + i4> " pq pq p � q 
When eac h real parame ter 4> 11 , 4> ' , 4> 11 , p < q v aries pp pq pq 
(3.2 b) 
independently and c ontinuously between the limits O and 
,1. n ,i, '  ,1. n respec tiv ely, w e  define a v olum e c ontent of "' pp' "' pq' "' pq 
this subspac e of the group manifold as 
, � ,  = l n <1> " n 4> ' 4> " 1 .pp 
f<'i 
pq pq ( 3 .  3 )  
When � is transformed by a unitary matrix the v olume c on­
tent will be unaltered 
(3. 4) 
Thus v olume c ontent of the spac e desc ribed by S+ dS is 
(3 . 5 )
sinc e l s1 ds l is the v olume c ontent of l � I in the neighbour­
hood of the identity. This leads to the v olume c ontent of 
the c omplete group manifold as 
g = I dS (3 . 6 )
and for any function of the group elements 
fx (S} dS = Jx (TS} dS = fx (TSU} dS 
where T and U are any matrices of the group. 
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From the definition of a class of conjugate elements 
we have for a class function x that 
x (S} = 
and we may thus choose A such that A-1SA = D 
( 3 .  7 }  
i <1>1
= diag (e , 
i <P2 i<Pn e , · · · , e  } • The class function becomes
x (S} = x (D} = f ( A.  A. • • •  .i. } 'fl ' 'f2 'fn 
By a similar change of parameters of as we are led to 
I f ( <j> } dS = f
2n  
J
2n  i <P -i <P 
K • • •  f ( <j> } Li (e r} Li (e r} d<P · · · d<P 
0 0 1 n 
( 3 .  7 a} 
( 3. 8} 
where the Li (ar} is the antisymmetric function (2. 6) and K 
may be evaluated by putting f ( <P }  = 1. 
3. THE ORTHOGONAL GROUP MANIFOLDS
Real orthogonal matrices have determinant ±1 and form a 
real subgroup of the unitary group. The canonical fonn of S 
can be of four types, depending on the sign of the determin­
ant and depending on whether n is even or odd. 
n = 2v 
a} =
b} =
diag (� � • • • � } l '  2 V ( 3 .  9 a}  
(3. 9b} 








= d iag ( l ,� l '� 2· • •  � v )
d iag ( - 1 � - - · �  ), 
\) 
( 








( 3 .  9 c) 
( 3 .  9d) 
( 3 . 10 )
By m et hod s sim ilar t o  t he pre vi ous section , we obt ain t he 
respect ive 
a) I f  (<f, ) d S  
b) J f (<f, ) d S
c) I f  (<f, ) d S  
d) I f(<f, ) d S  





K af . . . f f ( 4> ) t:. 2 ( cos 4> r) d<f, • • • d<f, 1 \) 
K bf · · · J f(<f, ) 
Kcf · · · f f(<f, ) 
Kaf · · · f f(<f, )  
1r ( sin 2 4> ) t:. 2 ( cos 4> ) r r d<f, • • •  d<f, 1 v - 1 
1r (1- cos 2 4> ) t:. ( cos r 4> r) d<f, • • • d<f, 1 \)
1r ( l+cos 2 4> r) t:. ( cos 4> ) d<f, • • •  d<f, r 1 v 
( 3 . 1 1 )  
4 . THE CHARACTERS OF THE UNITARY GROUP 
At t he beginning of t his chapt er we showed t hat t he 
i<f, 
S-funct ions on t he charact erist ic root s � = e r of t her 
m at rices were charact ers of t he unit ary group. For t hese 
t o  be sim ple (irred ucible) charact ers we m ust have 
¼ J {>. } {µ } * d S  = o {),.) (µ ) ( 3 . 12 )








f • • • f { A H µ } * t. ( a ) t. ( a * ) .dqi • • • dqi r r 1 n
= 
= 0 (>..) � (µ ) 
n= n ! (21r) (>.. ) = (µ ) 
4 6  
(2 . 4) 
( 3 . 13 )
by expanding out the determinants as sums and products. By 
setting { >.. } = { µ } = 1 we note that g = n ! (21r) n, and thus all 
S-functions { a ; >.. } are the simple characters of U .n 
5 .  CLASS FUNCTIONS OF THE ORTHOGONAL AND ROTATION GROUPS 
D' • 
We denote the group On of orthogonal matrices T by 
The subgroup R of matrices S of positive determinant n 
we denote by D .  The set of remaining matrices U we denote 
by D1• They do not form a group .
For integration over the On manifold we have 
Jx (T) dT = fx (S) dS + Jx (U) dU ( 3 . 14 )  
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If for u1 , a fixed element of o1 , we have u1s ::, o1 and
u1 u ?  D ,  then we would have
(3 . 15 )  
F or the case of odd n, n = 2v +l, there are such 
elements, e. g. -I. If two matrices s1 and s2 are equivalent
in D '  then they will also be equivalent in D ,  for if 
s2 
= u-1s u1 
then s2 
= (U Ul) 
-1 
s 1 (U u1)
where u l 
= - I  and u u1-=:> D. 
Thus the same parameters may be used for the two matrices U 
and s .
F or the case o f  even n, there is no such element u1 , since
-I::, D ,  and one class in D '  may in general separate into two
- 1 conjugate c lasses in D . F or n = 4 r, S  and S will belong to
the same class but for n = 4 r+2 ,  S and S- l belong to conjugate
classes. 
A ll class functions of D (2 n+l) are unchanged by setting 
$ r  
= -� r· Not all class functions of D (2v ) have this
property of being an even class function. Those which do 
take the same value for both D an d o1 and are therefore also
class functions of D '. 
If x (T) is a simple character of D '  we h ave 
(3 . 16 )
4 8  
This leads to the possibilities that x (S) i s  either a 
simple character of D1 or a sum of two, when it is said to be 
a double character of D ' ,  and these have x (U) = O, 
resulting in: 
a) If n = 2v+l all the simple characters of D' are
simple characters of D.
b) If n = 4r+2  all the double characters of D' are the
sum of two complex conj ugate characters of D. 
c) If n = 4r all characters of D are real.
6. THE CHARACTERS OF THE ORTHOGONAL GROUP
Using the integration formulae and with some algebraic
manipulation Littlewood is able to show that 
. [ A. ] I = l q q + q • • •  q + q IA -s+l ' A -s A -s+2' ' A -s-v+2 A -s+v . s s s s s 
( 3 . 17) 




and f (x) = 0 is the characteristic equation of the 
matrices. We have also that 
1-x . 2
l. L (x) 1r f (Xi1
where L (x} = 7f ( 1-X . X • )
l. J
(3  . 1 8) 
Now 1/,r f ( X) = L [\) { X ;\ }
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( 2 .  10 ) 
and 2 L ( x) n ( 1-x . ) l. 
= (2 .11. iii) 
By comparing coefficients 
(3 . 19 ) 
The inverse relation follows 
{ A } = [ {\ } /{ o } ] I ( 3 .  2 0 )  
where the S-functions on the right are taken as characters 
of o .
The characters of the orthogonal group may be expressed 
in terms of S-functions on only the variable roots. Table I 
gives the results for the four types of matrix and also the 
usual determinantal form of the characters. 
7. THE CH AR ACTERS OF THE ROTATION GROUP 
We showed in section 5 that:
for n odd, the characters of Rn are j ust those of On ;
for n even , if [ \. ] ' is not a double character then 
[ A_ ] I + [ >.._]' + [ A. I  ] 
We define the difference character of R2v as 
( 3 . 2 1 )  
( 3 . 2 2 )  
It is relatively easy to show that the difference character 
TABLE I: Alternative Forms of the Characters of On
n = 2v 
For matrix S of determinant +l 




matrix U ,  determinant = -1 
= = 





I s (v-s+l) It 
For matrix S determinant 0 = ±1
[ A. ] ' = { A } / ( -) ½ ( p
+ r) ( -e ) P { n } .
(At +v-s+½)
0 = +l ,  [ A. ] ' =
1 st I 
I s  (v-s+½) I
0 = -1,  
where s � j)
l. 





l et I 
J c<v-s+½) It 
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C � j)  = 2 cos ( j � . )
l. l. 
and where the S-functions are 
on the variable characteristic roots only . 
i s  gi ven by 
p, . ]  II 
wh ere � l i s  th e si mp le di ff erenc e ch aracter gi ven by:
�l 
= [ 1." J " = 1r (2i sin "' )"'r  
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( 3 . 2 4 ) 
(3. 2 5 )  
Th e integrati on requi red i s  c arri ed out by a ch an ge of 
vari ables to use th e in tegrati on results of eqs (3. 11) and 
Table I .  
8. SPI N  REPRE SE NTATI ONS
For th e orth ogonal and rotation group s, f or all n,
th ere exi st so called p -valued rep resen tation s  of th e group , 
by which each group elemen t i s  rep resen ted by p ma tric es 
7 (see f or examp le , p . 2 49 ) .  Now, stri ctly, repr esen tati on s
are by d efini ti on sin gle valued - n o  more th an on e 
rep resentati on matri x f or every group elemen t - but for the 
above group s  i t  i s  possi ble to h ave n on-trivi al two valued 
rep resen tati ons. S uch rep resen tation s are known as spin 
rep resen tati on s. Th e ch aracters of spin rep resen tati on s of 
th e orth� gon al group , may be gi ven as a p rod uc t  of a basi c  
sp in rep resen tati on : 
= [ ( ½) \I ] I = (3. 26 ) 
and a sum of sum $ -func ti on s. 
.{ h ]'  = A { { µ } / (-l) ½
(p+r) { E })½ 
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( 3 . 2 7 )  
where we label representations by a series of v half integral 
numbers. With this notation, the detenninantal fonn of the 
spin character is the same as the expression for true 
representations as given in Table I .  
I have derived the spin characters of the rotation 
group by an extension of the previous methods. To do this 
we require a basic spin difference character 
[ (. ½) \);-½ ] = n ( 2i sin ½<I> ) r 
These results are given in Table II . 
9. BRANCHING RULES
( 3 .  2 7 a) 
The inverse S-functions series may be used for finding 
the branching rules for the representations of the unitary 
group to its subgroup . 
Two other sub�groups are also of interest . 
The Symplectic Group: Sp maintains invariant an anti­n 
symmetric bilinear fonn. The expression of its characters 
in terms of the unitary group is 
( 3 . 2 8 )
The branching rule follows. 
TABLE IIa: Characters of the R otation Grou p  ex pressed in 
n = 2v +l 
tru e: 
spin: 
n = 2v 
terms of S-fu nctions associated with the 
characteristic equ ation 
f(x) = O ;  
[ A. ]  
[ A. ] 
= 
1/ f ( x ) = 
{ A } /  ( -1) ½
p { y }
[ µ+½] = 6 { µ } / (-l)½
(p+r) { E }
½ 
5 3  
[ A. ' ] = [ A.1 , A2 , · · · , A  1 , -A ] =  as above with negative. v- \) 
spin: 
where 
[ A. ] - [ µ+½ ]
sign. 
= ½ (6 { µ }/ (-l)½ (p+r) { E }½ 
[ A. ' ] as above. 
6
½ 
= 7r ( 2 cos ½ <l> ) 
6 "
½
= 1r ( 2 i  sin ½ <l>)
6 1
= 1r ( 2i sin <l> )
f (6
½
) = 2 \) 
f(6 " ) ½ 
= 0 
f (6 1) 
= 0
5 4
TABLE IIb : Characters of Rotation Groups in Determinantal 
Form. 
n = 2v+l
[ A. ] = 
n = 2 v
[ A.] = 
. [ A. ]  I = 
and . [ A.] II = 
where s � j )
l. 
= 
c � j )l. = 
(A +v-s+½) 
1 s t 
s I 
1 s (v-s+½) It 
½ ( [A) I ± [.A") ) 













5 5  
The Exceptional Group G
2
: The group G
2 
is a proper subgroup 
of the seven dimensional rotation group and Judd
2 7  has 
derived the branching rules by using the infinitesimal 
operator approach, to yield the result 
(3. 29) 
where the sum is over all integral values of i, j, k satis­
fying the relations: 
The relation 
= 




Such branching rules are not known for the other 
exceptional groups. 
10. DIMENSIONS OF REPRESENTATIONS
The dimension of a representation is given by the
character of the identity element, whose characteristic 
roots are all unity. Dimensions for various groups are given 
in Table III. 
TABLE III : Dimensions of Representations of Groups 
The Unitary Group Un 




( j-i+A . -). . ) 
l. J 
(j-i) ,











(A . -). . + j-1} (A . +A . +2v+2-i-j } . 
l. J l. J 
_T_h_e_O_r_th_o_g-o_n_a_l_a_n_d_R_o_t_a_t_1._· o_n_G_r_o_u_p_s on_,_R_n 
f [  A.] 
f [ A .] 










(A . -). . +j-i} ( A . +A  . +n-i-j } . l. J l. J 
b} For even dimensions n = 2v





(A . -). .-i+j } (A . +A . +n-i-j } ,  l. J l. J
5 6  
except that for the orthogonal group in the case of A I 0 
\) 
when the dimension is twice the above . 
TABLE III  (cont d) 




11. NON-STANDARD SYMBOLS 
Under the restriction of U to its subgroups O ,  R n n n
and Spn , we have relations between pairs of characteristic
roots of the representation matrices . Any S-function on 
the roots is thus expressible in terms of S-functions not 
having more than v parts . If we reduce the number of parts 
before applying the branching rules, we need never produce 
non-standard symbols in the subgroup characters . The 
problem of standardizing non-standard symbols has troubled 
many mathematicians . Littlewood ' s  method is to write an 
S-function of more than v parts in the form
(3 . 30a) 
if n = 2v , or in the form 
(3 . 30b) 
if n = 2v+l .
Ignoring a possible change of sign for some transform­
ations this S-function is independent of r and will be 
denoted { A: µ } . It is expanded to give a series of 
S-functions usi�g the relation
( 3. 31) 
where the sum is over all S-functions { a }, being partitions 
of p .  This relation is used as often as necessary to 
reduce all terms to those of no more than v parts . 
Two special cases of this equivalence relation are 
oTten useful. In n variables for unitary transformations 
we have 
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0 . } = 0.1-A , A 2- A , • • • , 0 } •n· n (3. 32 } 
Ignoring the change of sign when n = 2 v  and then with 
transformations of negative determinant we have also 
(3. 33} 
This latter relation gives the well known particle-hole 
correspondence . 
12 . K RONECKER P R OD UCTS FOR THE CONTINUOUS GROUP S
We may express the characters of the unitary and sym­
plectic groups, and the characters of the true representations 
of the orthogonal group, in terms of S-functions. This means 
we may calculate the Kronecker products, in a straightforward 
manner, using directly the properties of the S-functions . 
The odd dimensional rotation groups follow in the same manner . 
I have calculated Kronecker products for G2 in a similar
manner, by a two stage process - express the characters of 
G2 in terms of those of R7, thence into S-functions. The
expression of the characters of G2 in terms of those of R7
6 0
is performed by noting that in the reduction R7 + G,
[ u1u2 o ]  contains (u1u2 ) as the term of highest weight. The
terms of lower weights may be systematically removed by 
subtraction. 
For example, in the case of ( 2 1 )  we may derive 
[ 2 10 ]  + ( 1 1 )  + ( 2 0 )  + ( 2 1 )
[ 2 0 0 ] + ( 2 0 )  
[ 110 ] + ( 11 )  + ( 10 )
hence ( 2 1 )  = [ 2_10 ] = · [ 2.0 0 ] - [ 110 ] +· [ 10 0 ]
which may be expressed in S-functions to give 
( 2 1 )  = { 21 }  - { 2 }  - { 11 }  + { 0 } . 
Even Dimensional Rotation Groups : For even dimensional 
rotation groups, products in only two groups may be calcul­
ated directly, the groups in four and six dimensions. In 
six dimensions Littlewood2 8  has shown that the group is iso­
morphic with the four dimensional full linear group and the 
correspondences 
[ a.be]  � { a+b, a-c ,b-c} 
{ pqrs} +-+ [ ½ (p+q-r-s) , (p-q+r-s) , ½  ( p-q-r+s) ] 
( 3 .  3 4 a) 
( 3 . 3 4b )  
may be established, thus allowing us to perform the 
products easily . For the four dimensional rotation group 
there is a 2 : 1  homomorphism with the double binary full 
linear group and the correspondences 
[ a, b] +-+- { a+b} { a-b} ' 
{ p } { q} I +-+,· [ ½ {p+q) , ½ {p-q) ]
may be made . 
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{ 3. 35a) 
{ 3. 35b) 
We may readily deduce that the separation of the Kronecker 
product in R4 is given by 
s t 
· [ a, b·] [ c., d ]  = E E ·  [ a+c-a-8 , b+d-a+8 ]
a= O 8 =0 
where s is the lesser of {a+b) and {c+d) and t is the 
lesser of { a-b) and {c-d) . 
{ 3. 36) 
These homomorphisms are also valid for spin represen­
tations. 
For spin representations of other orthogonal groups, 
and all representations of other even dimensional rotation 
groups we shall need to know more about the basic 
characters � 1, �½ and � ½. 
When calculating the properties of a rotation character, 
true or spin, we express it in the form : 
= (3. 37) 
where oa, ob are either 1 and � 1, or �½ and � ½. To calcul­
ate the Kronecker product of any representation with any 
other, we need to know the six products o ao b. It is clear 
that the product of two spin characters yields a true 
6 2
character, and a spin with a true yields a spin ,  etc. 
n = 2v+l :  We consider first the orthogonal and rotation 
spin- characters in an odd dimensional group. There are no 
difference characters and Littlewood gives the square of 
the basic spin representation as 
= ( 3 . 3 8 )  
n = 2v : For the even dimensional groups we derive the 
results 












TI ( 2 cos ½4> r
) 2
i½q, 
TI (e r +
-i½ q,
e r) 2 
iq, -iq, 
TI (e r + 2 + e r)
TI (1 + ei q> ) (1 + e-iq, )
2v 





II { 2i s in 
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TI (e r
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(-1)" -r{ lr }= { 1} " + 2 E ( 3. 4 0 ) 
0 
/:J. /:J. II 
½ ½ 
= II ( 2 cos ½cp ) II (2 i 
r 
s in ½cp r)
= II 2 i  s in cp r 
= 
1 ( 3 .  41) 
now D. 1/J. ½ 
=
D. ½ D. " D. ½ ½
v -1 
= h. ½( {1, 1" }  + 2 E . {lr} ]
0 
(3. 42 ) 
and 
v -1 
(-1)" -r{ lr} ]D. D. " = h. \( {. 1 \) + 2 E 1 ½ 0 
(3. 4 3) 
The evaluation of the s quare of the bas ic differ ence 
char acter is mor e difficult. The principle par t of the pr oduct
is {2" } . I have that 
wher e 
= E [ 2_v -s -2r 1 r ]
s , r=O 
[ l" -1 , -1]
2 = E [ ;V ]
and I ( ;t] is the s er ies in eqn (3. 4 4 )  • 
and [ 1" -] [ 1" -1 , -1] = [ v -s-2r-l 2 r ]E 2. , 1  
(3.4 4) 
(3. 45 ) 
(3. 46 ) 
6 4
Using the de fining equation o f  � l and expres sing the above
results in S-functions , I obtain 
� 2
1 
where fs = 4 except fv = 1 ,  fv-l = 3 .
. ( 3 . 4 7 )  
The results , summari zed in Table IV allow the evaluat­
ion of all products of rotation group characters . 
13 . SELECTION RULES
Conjugates : It is well known2 7  that the matrix element of 
an operator H between wave functions A and B vanishes if the 
triple Kronecker product of the representations , describing 
the symmetry unde r some group , and the operator and of the 
wave functions ,  doe s not contain the identi ty . However for 
the unitary groups and the even dimens ional rotation 
groups the representations are not , in general , self­
con j ugate and it is necess ary to be more precise . 
I f  a ket ! J;> trans forms according to a representation 
rA , then the bra. <A I wi ll trans form according to the
conj ugate representation rA* .  Thus the matrix element
< A I H I B> is  zero 
unless  ( 3 .  48 )  
The coefficient c� de fined by the Kronecker product : 
/\ µ \)  
(A ) X (µ ) = ( 3 . 4 9 }  
TABLE IV: 
n = 2v+l 
n = 2v
(ll ) 21 
Products of the basic spin and difference 
characters of Rotation Groups 
= 
(ll ) 2 = E {lr} 
½ 
r=o 
(ll ) 2 
v-1



















{ { 1"} 
v-1 
(-l) v-r{lr}) !'.I ;i.;: l'.11 




f (-l)v-s · {2 s-2 r  12 r} E E s s= O r= O 
= 1, f l = 3v-
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µ =I A 
we may rewrite eqn (3 . 4 8) as 
or r * x r ::::> r *A B H 
6 6  
( 3 .  5 0 )  
( 3 . 4 8a) 
( 3. 4 8b) 
Symmetrized Products : Additional selection rules occur if 
in the matrix element <A I H I B> has the function and the 
operator symmetrized with respect to both a group and one 
of its subgroups ; I A> = r AyA. If a pair of representations
are equal , e . g .  r B = r H, yB = yH ' then the third represen­
tations must occur so that either both are in the symmetric 
or both in the antisymmetric parts of the squares. 
For this example, the matrix element will be zero 
We emphasize that <A l  transforms as rAyA. 
(3 . 49a) 
(3 . 4 9b) 
14 . RESOLUTION OF THE KRONECKER SQUARE 
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In a number of applications in physics the results of 
the above section are useful. It is clear2 91 30 that the 
methods of plethysm provide a systematic answer to resolving 
the Kronecker square of any representation of any group. 
For the continuous groups , the outer products of S-functions 
correspond to the Kronecker product and thus outer plethysm 
is used to resolve the square . For point groups , being 
subgroups of the symmetric_ group , inner plethysm is 
required. I shall not investage such groups , but shall 
complete the analysis of the resolution of the square of all 
representations of rotation groups . 
Littlewood derives from first principles , the resolution 
of the square of basic spin characters of the orthogonal 










given in Table 
groups I write: 
= . [ C.½) \/ ] ; 
= 15.+ + 15. J.:. ;½ 2 
15. + 15. "  = 
½ ½ 
6. - 6. "  =
½ ½ 
v. For the even dimensional 
15.
½ 
= [ (.½ )  \/-! -½ ] 
A II = 15.+ - 15.
!.:: 
( 3 . 5 0) 
½ ½ � 
( 4 .  Sla) 
(4 . 51b) 
6 8  
TABLE V: Resolution of the Squares of Basic True and Spin 
Characters of Rotation Groups 
n = 2v +l
I:!. k ® { 11} 
n = 2v 




+ • • •
= 
+ • • .
= 
TABLE V ( contd) 
= 
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Taking the symmetric part of the squares 
/J. 
l., @ { 2 }  + /J. 11® { 2 }  - /J. II /J. '2 ½ ½ ½ 
= etc. ( 3. 5 2 )  
By substituting in the known func tions we get a series of 
relations of the form t:,.½ ® O d  = 2 /J.� ® { µ }  + • · • . R estric tions
on A� ® {2 } and t:,.� ' ® {11 }  and d im ensional requirem ents lead to: 
(3. 5 3 a) 
and 
t:,. "  ® {11 }  = ½ ({lv } - t:,. l) - {l
v -1 } + {lv -2 } - {lv -3 } + • • •½ 
( 3 . 5 3b ) 
The evaluation of 1:,. 1 ® {2 } and 1:,. 1 ® {11 }  follows the sam e
steps to gi ve the results in Table V. 
Thus we m ay c alc ulate the resolution of any c harac ter 
of any group. 
e.g. [} ½ ½ ½] ® { 2 } of R8
2 13 1 1 l] L2"" 2 2 2 =
= t:,.
½ 
® . { 2 }  ( { l } - { 0 } ) ® { 2 }
+ 1:,.
½ 
® { 11 }  c { 1 } .:..{ o } ) ® { 11 }  + 1:,. ½ ® { 2 }  C { l }+ { o } ) ® { 2 }
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where we use the distributative properties of the plethysm, 
eqs ( 1 . 3 0 ,  1 . 3 2 ) . Each term is expanded to give
2 [} � ½ ½] ® { 2 } = { 3 111 } + { 2 1 1 } + 3 { 2 2 }  + { 3 1 }  - { 2 }
- { 11 }  + { 0 }  + 6 i { 2 }
Hence : 
[½ ½ ½ ½] ® { 2 } = [ 3.11 1 ] +· [ 220 0 ]  +- [ 2.110 ] +· [ 2.0 0 0 ]  +- [ 1111 ]
+- [ 111- 1 ]  +- ( 00 0 0 ]
Although w e  have written an outer plethysm sign here 
and have in fact performed this operation on the S-function 
expression for the character of the group , we are in fact 
symmetrizing an inner product of the group characters - we 
are remaining within the one group. Thus the dimension 
ehc�k is given by the inner plethysm result of eqn ( 1. 47 ) . 
For the special case of symmetrizing the square I 
obtain 
and 
f (L\. J ® { 2 } )  = f[ A. ] ( ·f[ A.] + 1) /2
f·( [ X. ]  ® { 11 } ) = ·f[ X. ]  (f [ X. ]  - 1) /2
(3. 54a) 
(3. 54b) 
For the example above , the degree of each side is thus : 159 6 
15. PLETHYSMS FOR G L2 AND R3
7 2  
Plet hysms of  charact ers on t wo basis vari ables ar e
oft en of us e i n  p hysi cs .  Plethysms for G�2 may be evaluat ed
by r estri cti ng t he res ults for the s ame p lethysm on an 
unrestri ct ed number of vari ables . In the abs ence of s uch a 
t able we may generat e t he p let hysm r equired by us e of t he 
. l . 13 recursive re  ati on : 
{m } ® {k} = {m-2 }  ® {k} + {m } ® {k-2 }
+ ( {m-1 } ® {k-1 } )  ( {m+ k- 1 } - {m+ k- 3 } ) .
(3 .55) 
The followi ng p olynomi al expansi on due to  Littlewood3 1 , for 
the p let hysm of an R3 repres entati on and an S- functi on i nto
only one p art, is more  s uited to machi ne calculati ons 
. [ n]  ® {p} = EK [ r ]r 
wher e K is t he coeffi ci ent of p -r i n  t he exp ansi on of r 
- np 




(3 . 56) 
This expres si on holds als o for spi n r epres ent ati ons . A 
s imi lar expres s i on for the p lethysm of a G L2 repres entati on
allows us to make t he followi ng is omorp hism bet ween G L2 and
{n} �- [ n/ 2 ] . ( 3 . 5 7 )  
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16. GENERAL BRA NCH ING RULES 
The use of the algebra of plethysm allows us to cal­
culate , directly and unambiguously , the branching rules 
between any compact group and a subgroup of lower dimension 
or a direct product of such groups3 2 • Quite generally , 
given that the unary character [ l] of the larger group 
decomposes to a sum of characters A under the restriction , 
then any character A will decompose into the sum of charac­
ters given by A ®  A .  
The branching rules for any group R
3 
may therefore be
easily calculated after defining our unary decomposition . 
For example , to calculate the branchi?g of [ 2 10 ] of 
R7 to R3 we note that [ 100 ] of R7 branches to a single F
state , i . e .  the representation· [ 3] of Rr Hence the decom­
position of· [ 2 10 ] is given by [ 3. ] ® [ 2.10 ] .  We express [ 2 10 ] in 
terms of S-functions , and then these into sums and products 
of partitions into one part , giving: 
[ 3. J ® [ 2 1 o J = [ 3. J ® ·c { 2 H 1 } - { 3 } - { 1 } > •
Using the result , e . g. { 1 . 2 7 ,  l o 2 8) ,  that the plethysm is 
distributive on the right with respect to both addition and 
multiplication , by ming equation { 3 . 5 5) and by multiplying 
together the R
3 
representations in the usual manner we obtain
[ 2.10 ] +· [ l]  + 2 [ 2. ] + [ 3. ]  + 2 [ 4.] + 2 [ 5. ] + [ 6. ]  +· [ 7J +- [ 8.] . 
7 4 
This method of performing the plethysm on the symmetric 
parts of the right hand side is not always the easiest 
method. When branching to R
3 
it is often easier to make 
use of the relation13
{ p} ® { lm} = { p+l-m} ® { m} . (3 . 5 8 )  
b y  expanding the S-functions in terms o f  their antisymmetric 
parts. 
The saving in labour for classifying the orbital states 
of maximum multiplicity is immense. For example, in the t 
shell we use representations of R29• The unary decomposi­
tion is ( 100 • • • O ]  + ( 14 ] = { 28} . Thus the states of 
maximum multiplicity for the quarter filled shell labelled 
by [ 114 J are easily found to be just the terms in 
= = { 15 } ® { 14 } .
This has been expanded using the computer and there are 
found to be 3 4, 670 states of total angular momentum of 23, 
a result that is difficult to obtain by the usual methods 
of determinantal states. 
17. BRANCHING RULES FOR SPIN REPRESENTATIONS UNDER R � R
3
Armstrong and Judd3 3  have recently shown that the spin
representations of the rotation groups Rn play a fundamental
role in the analysis of the structure of electron 
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configurations. The branching rules for the decomposition 
of the spin characters of Rn into characters of R3 are 
especially important in their treatment . 
The representations of R3 depend on a si�gle parametric 
angle e and the character associated with the representation 
·o[ J ] is




i (J-p ) ee , (3. 59) 
where J may be integral of half-integral and p runs through 
positive integers. The representations of R2v and R2v+l 
each involve v parametric angles e and in particular the 
character [ l ] for the vector representation r [ l ] of R2v is 
of the form 
[ l]  
V ±i 0  
= E e  e: ,
e:=l 
while for R2v+l the corresponding character is 




+ · e e _i e: + 1.
(3. 6Oa) 
(3. 6Ob) 
Under the restriction Rn + R3 the 
v parametric angles
become related and it is then possible to express the 
results of Eqs (3� 60) in terms of a single parametric 
angle e .  If under Rn + R3 we have




= Eg E e
i (J-p ) S (3. 61) 
J p =O 
then comparison of these equations allows the relationships 
between the v parametric angles to be fixed immediately . 
For example, if under R2t+l -+ R3 we have· [ l ]  +· [ t. ]
then comparison of Eq. (3. 60) with Eq. (3.61) shows that the 
required relationship is 
8 = e: 8 . (3. 62a) 
Thus if under R9 -+ R3 we have [ l ] + [ 4 ]  then we must take 
(3. 26b) 
If, however, under R9 -+ R3 we have [ l ]  + [ O. ] +· [ l. ] + [ 2 ]
then comparison of Eq. (3. 59) with Eq. (3 .60) leads to the 
choice 
(3.63) 
Likewise, if under R6 -+ R3 we have [ 1.] -+· [ OJ + [ 2] then 
comparison of Eq. (3.60) with Eq. (3.61) gives the 
relations 
(3. 64) 
Having defined the decomposition of the vector 
representations under the restriction Rn � R3 , as in
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eqn { 3.61) we may immediately find the corresponding decom­
position for any other true representation A of Rn by
evaluating the terms in the plethysm 
{ 3. 6 5 )  
The character associated with the basic spin charac­
ter � of R2v+l may be expressed in terms of v parametric
angles a to give 
E 
{ 3 . 6 6) 
where the summation is over all possible combinations of 
the plus and minus signs. In the case of the even­
dimensional rotation group R2 v  we have
= { 3. 6 7 )
where the summation is over all combinations of signs in­
volvi�g an � number of minus signs . The conjugate spin 
character �2 is of the same form except that the suff\ffiation
is over all possible combinat�ons of signs involving an odd 
number of minus signs. 
If the decomposition of the character of the vector 
representation r [ l] of R2 v  or R2 v+l under the restriction
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Rn -+ R3 is defined then the relationships among the 
v
parametric angles is fixed and may be used in eqs (3. 66) 
and (3. 67) as the case may be. Comparison with eqn (3. 59) 
leads immediately to the decomposition rule for the spin 
character. 
Thus if under R9 -+ R3 we have [ l] -+· [ 4. ] the relation­
ships between the four parametric angles are fixed by 
eqn (3.62b) which when employed in Eq. (3. 66) and the 
result� compared with eqn (3. 59) , leads immediately to the 
result 
i:, -+· [ 2 ] + [ 5 ] ( 3 • 6 8 ) 
which may be verified as dimensionally correct. If, 
however, under R9 -+ R3 we have [ 1.] +· [ 0 ] +· [ 1. ] + [ 2. ] then 
we must use the parametric a�gle relationships of eqn 
(3.63) giving 
i:, -+  2 [ 1] + 2 [ 2 ] .  (3. 69) 
Likewise, if under R6 -+ R3 we have· [ 1. ] + [ O.] +· [ 2 ]
then use of Eq. (3. 64) in Eq. (3. 67) gives the result 
(3. 70 )  
The corresponding result for 1:, 2 is identical to that for 
1:,1• Comparison of Eqs (3. 66) and (3. 67) with Eqs (3. 60) 
leads immediately to the result that if under R2i+l -+ R3 
we have [ 1. ]  + [ i. ]  and /:, -+ E gL[ L] while under R21+2 -+ R3 we 
have [ 1. ] +· [ 0. ]  + [ i. ]  then also 1:,1 -+ EgL [ L ].
18. CANONICAL CHAINS
7 9  
Recently Gilmore3 4 rederived the expression3 5  for the
canonical chain for characters, true and spin, of the 
rotation group. It is proposed to give a more elegant 
derivation in terms of the algebra of S -functions. 
The canonical chain is 
The basic branchi�g rule for each step is 
I 
[ 1. ] +· [ 0 ] +· [ 1. ]
therefore, as for all branching rules, 
[ 11.. ] ' + ( [ 0 ] +· [ 1.] ) ® · [ 11.. ] '
For true representations 
[ A.] ' = = 
· [ A. ] ' + ( { 0 }  + { 1 } )  ® ( E { µ } )
E { µ } ' 
= E ( { O } ® { 0 ) ( { 1 } ® ( { µ }/ { !; } ) ) 
but { O }  ® { l; }  = 0 unless { l; }  = { h }  
_[ A. ] ' + { l } ® ( { µ } /{ h } )
= { µ } / { h }
= [ {� }/{ h}/{ 6 } ] ' 
( 3 . 7 1 )  
( 3 . 7 2 )  
( 3 . 7 3 ) 
( 3 . 74) 
8 0  
where [ {.v } ]  ' means take the resultant series as orthogonal 
group characters 
Thus [ X] ' =
= 
= 
[ {A } / ( -1 )  ½p { y } / { h }  / { o } ] '
[ {A } /  ( - 1 )  ½p { y } • { h }  • { o } ) ] 1 
[ {.). } /{ h } ] ' since (-l) ½p { y } { o }  = { O } (3. 75) 
For the step R2v+l + R2v no modification rules are required
except that for characters into v parts when we have 
[ µ] ' � [ µ] � [ µ ' ] .
For the step R2v + R2v-l 
no modification rules are
necessary except �gain for the characters of v parts, 
difference characters occur in equation (3. 74), namely 
(3. 74a) 
where { A J. } = { A -1 A -1 • • • I A I -1 }1 ' 2 ' ' v • 
In the plethysm we have A ®  �l = 0 and therefore
(3. 75a) 
where we use modification rules as required. 
e.g. R6 + R5 for [ 21±1]  we have:
· [ 21±1] + ½[ {.A}/{ h } ] = ½· ( [ 211] + [ 21] + [ 111] + [ 11] )
+· [ 21] + [ 11]
where we used either Murnaghan ' s  modification rules1 3 , or 
expressed the characters in terms of S-functions on the 
five variables, reduced the number of parts, and branched 
back down to R5 • 
For spin representations we follow the same 
derivation, except [ A.+½ J = ti
½ 
{ A }/ (- 1) ½ (p+r) { £ }  and we use
the corresponding inverse relation - leading to the same 
result. 
81 
C H A P T E R 4 
GENERALIZED RACAH TENS ORS AND THE STRUCTURE 
OF MIXED CONFIGURATIONS 
1. INTRODUCTION
82 
For a set of wavefunctions * 1, $2, · · · , $n we may define 
a vector representation � = ($ . ) , where $ ,  is the 1 1 
coefficient of $i in � - Linear transformations among the 
functions 
$ ! = a . .  $ . 1 1 J  J
may be represented by a matrix A = ( a  . . ) so that: 1 J  
� · = A�
From the normalization condition of these complex wave 
functions, we find that the transformation matrix A is 
unitary . It can also be produced by infinitesimal trans­
formations. In fact any such transformation can be produced 
a limited number of such transformations. These 
11 generators II are an arbitrarily chosen maximal set of 
linearly independent unitary matrices of the same order as 
A .  
It  is the purpose of the present chapter to investigate 
the group theoretical properties of the various generators 
that may be chosen to produce the transformations between 
83  
the wave-functions of  configurations of  electrons or 
nucleons. Much of the previous work has been restricted to 
the LS coupled states of configurations of electrons of a 
given field orbital quantum number t. Feneuille36 studied 
a system whereby we have two such shells mixing - (s+p) N
d 1 M · 37 d '  d · · 1 d h 11 an recent y orrison stu ie two J -J coup e s e s.
38 
Nuclear physicists have studied similar systems • 
In this chapter we shall attempt to give the grou 
structure of all such mixed configurations. A choice of 
generators of a possible subgroup - R4 - is made so that
this groups labels may be used for the case when R4 is the
symmetry of the physical system ( e.g. the hydrogen atom) . 
The generators are chosen, after the manner of Racah, to 
always have well defined transformation properties under R3
and we shall call them generalized Racah tensors, or simply 
Racah tensors. 
2. GENE RALIZED TENSOR OPERATORS
Following Elliott 38 and Feneuille36 let us define the
tensor operators y (k) (A ,B) and !
(
Kk) (A ,B) in terms of
their reduced matrix elements between single particle wave 
functions: 
<c l l v (k) (A,B) I I D>,.. = o (A , C) o (B , D) [k/� ( 4. la) 
8 4  
<sc l  l · w ( Kk } (A , B) 1 1  sD> = o (A , C) o (B , D) [ K. , k ] ½ ( 4 . lb ) 
with the usual notation· [ x ,y , •  • • , z ] = ( 2x+l) ( 2y+l) • • • ( 2z+l). 
We use capital latin letters to indicate arbitrary values 
of the single particle angular momentum. 
A component w ( K k) ( A ,B) operating on a single electron1Tq 
wave function gives : 
w ( K k) (A , B) I stm m 0 > =1Tq s X, 
t'+s-m'-m' 
E o (A , t') o ( B , t) (-1) 
t s 











� l st'm ' m'> s R, , mt
(4 . 2 ) 
from which we may deduce the general commutator expression , 
X 
( K
2 (A , B) , w 
= E ( - 1 )  
2S+K 3+k 3-1T 3-q3
K 3 , k3 , 1T 3 ,q3
½
c






-q s 3 





l k2 :1 � 
( K 3 k 3)
A 1T 3 
3 w 3 3 
(C , B) ] • 
k ) ( K  k ) 




(A , D) 
( 4 .  3) 
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I defi ne the li near combi nati ons 
+ 
� ( K k ) (A , B ) = �
( Kk ) (A , B ) ± ( - l) K
+k+A-B Y!' ( Kk) (B ,A) ( 4 .  4 ) 
and ob tai n the comm utators: 
+ 
[ w  
( K lkl ) ± (A , B ) ,wn lql
( K k ) 
( -l ) K







[ K1 , K 2 , K , k1 ,k2 , k ] ql q 2
[ 
k 1+k2 +K 1+" 2 f 
k l 
o. (B , C ) ( -1 ) 
D 









K J {"l -n s 
k2 k
r 






� w { Kk ) (B C )nq , A 
K +k 
r
k2 o (B , D) C - 1) 1 1 c
l 
A 
w ( Kk ) (A C )�r B nq , 









( 4 . 5 a ) 
= E ( -l }
K -TI+k -q+A+D+2s
K kTi q  
[ 
k +k +K +K 
{
k 




; ( K k } (B C }k} + Ti q  , A 
; ( K k } 
(A D}kJ 
+ 
B Ti q 
, 
; ( Kk } (A C }kl
+ 
B Ti q 
, 
s :) 




l - cS (A,C } ( -1) 2 :) e ( K
k } (B D}]
Tiq 
, ( 4 . 5b} 
We note that the set � ( K k } (A,B } is closed under
commutation but that the set : ( K k } (A,B } is in general not
.. 
closed, in the sense that its commutators can produce 
terms of the form ; ( Kk } (A,B } etc . We couid, of course,
choose different sets, e. g .  for two configurations the 
+ 
set w ( K k } ( A,B}
.. 
(A :/- B } and ? (
K k } 
(A,A} , � (
K k } 
(B,B} ( K +k } odd
will be closed, but I hope to demonstrate shortly that the 




� (K k) (A , B) = w (K k) (A , B) .. - (-l)K
+k w (K k) (B A).. , ( 4. 6a) 
W (K k) (A B).. , 
� (K k) (A , B)
= 
= 
W (Kk) (A B).. , 
W (Kk) (A B) .. , 
(-l) A+B+K +k w (K k) (B , A) ( 4. 6b) .. 
+ �
(K k) (B ,A) (4.6c) 
h b t k b F ' 11 
36 M ' 3 7 d Ell ' 3 8ave een a en y eneui e , orrison an 1.ott 
t .  1 1 d S . 1 39 h 1 d (4 6 ) respec 1.ve y. A per an 1.nanog u ave a so use • c 
in their recent work on R4 • The above choices all have
their disadvantages. It will be shown in the next section 
that Eq. (4.6a) does not contain the generators of the group 
R4 but is equivalent to that of Eq. (4.4) where orbitals of
the same parity are involved (e.g. (s+d) ). The choice of 
Eq. (4.6b) is equivalent to that of Eq. (4.4) for integral 
27 A and B but does n�t reduce to Judd's operators for half-
integral values of A and B. The linear combination given in 
Eq. (4.6c) must be rejected as it fails to close under 
commutation. 
The linear combinations defined by Eq. (4.4) satisfy 
the closure requirements in all cases and yield the 
appropriate generators for R4 as a subgroup and reduce to
. d '  d b dd2 7  · 11 36 d · 37 the special cases stu ie y Ju , Feneui e an Morrison • 
Later we shall have occasion to use both the operators 
w � Kk) (A , B) and w .. (Kk) (A ,B) - L w � Kk) (A ,B) where w � Kk) (A ,B) is
.. i i .. i -- 1.  
8 8  
the operator that acts only between states of the i-th 
electron and � ( Kk ) (A,B ) acts between states of all electrons.
Both sets of operators satisfy the commutation relations of 
Eqs (4. 3) and (4.5 ) . It is easily shown that 




"fi v (k ) (A,B)
and all the commutation relations given in terms of 
�
(ok) (A,B) may be reduced to those for y (k ) (A, B ) by
omitting the quantum numbers dependent on spin. 
3. INFINITESIMAL OPERATORS FOR R4
We now wish to use the properties of the v (k) (A,B ) 
tensor operators to construct a set of infinitesimal 
operators for the four dimensional rotation group R4 which
2 2 2 2 leave invariant the quadratic form x1 +x2 +x3 +x4 • The













= J23 ' J ±l = ±12 (J31 
± ·iJ12>
N O = J41 '
.N ±l 
= ± 12  (J 42 
± iJ43 >
leads to the set of commutation relations 
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= 
( 4 .  8 )  
[ J .  ,N . ] =
l. J 
I shall now obtain two sets of operators which satisfy 
these commutation relations and at the same time fix the 
phases of our y (k) (A ,B) operators .
It is well-known that not only J, = ft r x p but also 
41the Runge-Lenz vector 
= (4.9) 
commute with the hydrogenic Hamiltonian . The matrix 
elements of � between single electron states may be calcul­
ated following Biedenharn4 2  or from first principles to 
give 
= [ 
(n-R. - 1 )  (n +R. +l ) ('R. +m +l ) (R. -m +l)
g
½ 
C 2R. + 1) ( 2R. + 3 > ( 4 . 10 )
Using this result we may readily show that 
A =
n-2 
E [ (n-R. -1 ) (n +R. +l)(R. +l ) / 3] ½( y (l) (R. , R. +l) - y < l ) (R. +1 , .q ) .
R. =0
( 4 . 11 )  




I:- [ t. (t +l) (2t +l)/3] ½ y <
l) (t , t )
t =O 
9 0
( 4 .12 ) 
gives us a set of six operators th at satisfy th e c om mutat­
ion relations of Eq. (4.8 ). Th e ph ase ch oic e  for � means 
th at � is a simple linear c om bination of th e y < l) (t , t ')
operators defined in Eq. (4.4 ) . O th er ch oic es of ph ases 
mak e it impossible to form an operator A out of th e 
operators of th e larger rotation group formed by th e set of 
all ; ck ) (t , t ') operators. We must now take up th e study of
th ese larger groups. 
4. C ONS TR UC TION OF R OOT FIGURES US ING � (k ) (A,B) AND
W (K k) (A,B) OPERA TOR S
In th is sec tion we largely follow th e argum ents of
Ch apters 5 and 6 of J udd' s text2 7  and c onstruc t root
figures using general sets of th e operators y < k ) (A, B) and
kl (K. k ) (A,B). Th ese operators for A, B, • • • ,F  = t 1 , t 2 , ·  • • , t n
form th e infinitesimal operators of th e groups UX and u2x
respec tively, wh ere 
X = E 
i= l 
(2 t . +l) 
]. 
aii d  t is integral or h alf- integral. 
Th e Orbital Unitary G roup :  Let us first c onsider th e c ase 
of th e y <k ) (A, B) type operators. Using th e meth ods of
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4 3  Jucys et al . we may show that the linear combinations 
r 
ab 
(A , B } =
k 
q 
V (k} (A B) 
q 
, (4 . 1 3) 
satisfy the commutation relations 
[ r.ab (A , B } , r cd ( C ,  D} ] 
= o (B ,C)o (b , c)r ad ( A , D)
- o (A , D) o (a , d) r cb (C , B) ( 4 . 14 )
44  The self-commuting Weyl operators H 1 . = r . .  (I , I) have, l. l.l. 
eigenvalues 0 , ±1 to give us the roots �Aa-�Bb with r ab (A , B) ,
these roots being appropriate t o  UX.
Orbital Subgroups : The subgroups of UX formed by the set
of tensors y (k) (A , B) set a somewhat more complicated
problem . We define the linear combination 
H ab (A , B) 
=
giving 
H ab (A , B)






) V (k) (A B)
b q 
, 
= (-l)A+B+a+b+l H (B A) -b-a ' 
(4 . 15 )  
which are therefore not all linearly independent for A - B .  
Forming the commutator gives 
H ab (
A , B), H cd (C, D) 
= o (B , C)o (b, c) H 
ad (A , D)
- o (A , D)o (a , d) H cb(C,B )
+ (- l)A+B+a+b+¾: o (A , C)o (-a , c) H -bd (B , D)
9 2  
- o (B , D)o (-b, d) H ( C , A) } (4 . 16 )c-a 
I t  ca n ea si l y be shown tha t the opera tor s  HI . = H . . (I , I ), l. l.l. 
wi th i > 0 a cti ng on the r emai ni ng oper ator s H ab(A,B),
wi th a � 0 f b yi eld a ll the r oots ±�Aa ±�B b. 
a) H al f i ntegra l £ : For the ca se wher e the a ngu lar momentu m
set, A , B , · · ·  i s  hal f-i ntegral the set of r oots i nclud es
the r oots ± 2�Aa comi ng fr om
H (A, A) = (- 1)2A+ l H (A A) for a � 0
a-a -aa ' 
The complete set of r oots then gi ves the cu stomar y  r oot 
fi gur e for the symplecti c gr ou p Sp  wher e  X i s  an even 
X 
i nteger . 
b) I ntegral £ :  I n  the case of the r ota ti on gr ou p ¾ the 
r oots ± 2�Aa d o  not occur si nce (-1)
2A+ l = -l . H owever , ther e




(A , B) = - H 
00
(B A) (hence A / B ). We mu st complement 
the ab ove Weyl opera tor s HI . wi th a set H 
= (-1 ) (A+B+ l )/2 
, 1. IJ 
H 
00
(A, B ), (-1 )  (C+ D+ l )/2 H 
00
(C, D), etc, whi ch sa ti sfy
HIJ = HJI " (I t wil l  be noted tha t we mu st ha ve thi s pha se
choi ce whi ch often leads  to i ma gi nar y  opera tor s bu t r eal 
roots. The simplest case for which this occurs is for 
(s+d)
n when the characters of R6 are complex.) The
operators H co (C1 A) ± (-1) 
(A+B+ l) / 2 H co (C,B) with c i O
give the roots ±�AB ±�cc· For every set of four angular
momenta A, B , C ,D etc considered we must also have the com­
binations 
H oo (C , A) ± (-1) 
(A+B+l) / 2 H oo (C , B)
9 3  
+ (-1) 
(C+D+l) / 2 ( H (D A) ± 
00 ' 
(- l) (A+B+l) / 2 H (D B) )
00 ' 
and 
H oo (C , A) ± (-1) 
(A+B+l) / 2 H oo (C , B) - (-1) 
(C+D+l) / 2 





which give the roots ±�AB ±�co· This completes the root
figure for the even dimensional rotation groups. In the 
case of an odd number of angular momenta we have finally 
the operators H AO (A , L) and H 00 (L , A) ± (-1) 
(A+B+l) / 2 
H (L , B) giving the roots ±eA and ±eAB required for the oo ... a .. 
root figure of the odd dimensional rotation group . 
The Group sp2X : For integral A , B ,··· and half-integral spin
the tensors � (Kk) (A, B) generate the symplectic group in 2X
dimensions. This group gives rise to the so-called 
seniority classification scheme first used by Racah2• 
Let us now consider the � ( K k ) (A,B ) operators . In a 
similar fashion to the above we .define the operators 
9 4
H a S ab (AB
) =
K k1r q  




( - 1)  . , - a
K 
7T :) C 
k
p :) 
(4 . 17 )
These lead to the establishment of the root figure for 
Sp2X. Several choices exist for the phases of the Weyl H
operators . We shall choose 
= H kk (A, A) 2 2 aa - A , a � A. 
This choice is made so that 
= 12 I: [ A] ½ W (
l O ) (A A) =· 0 0  ' A 
and thus ensuring that the function of highest weight 
belonging to a representation of Sp2X will have the highest
possible spin . 
The Unitary Group u2X : The complete set of operators
�
( Kk ) (A, B) form a group, u2X, and the construction root
figure follows simply the method of the orbital unitary 
group UX except we are required to sum over both the spin
and orbital quantum numbers . 
5 . CAS IM IR ' S OPER ATOR S AND EIGENV ALUES 
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The structure constants c '  of a group are defined bycr P 
the commutation properties of the infinitesimal operators , 
X0 , viz. ,
= E C 'X • 
T cr p  T 
The metric tensor g is obtained in terms of the structure cr A 
constants as 2 7
= 
For semi-simple groups the metric tensor has its inverse 
P A -1 45  g = _(g0 A } and the Casimir operator G is defined as




From its construction it is evident that G commutes with all 
the operators of the group. Racah2 has shown that the 
eigenvalues of the Casimir operator may be expressed in the 
form K2 - R2 where R = ½E a
+ and K .  = R . +w .  with a+ being a
• • • • 1 1 1 • · 
positive root and wi the i-th component of the highest
weight of the representation. 
The eigenvalues Aw of the Casimir operator G (Rn}
(n = 2v or 2 v+l} or of G (Sp } n (n = 2v } may be found by
acti�g the Casimir operator on the eigenket l w> = l w1· · · wv>
which forms a basis for the representation [w.1 · · · wv ] of Rn
or <w
1
° 0 · w� > of Spn to yield
for R n













w . ( w .  +n-2i) l. l. 
w .  (w . +n-2i+2). 
l. l. 
9 6  
(4.18) 
( 4 .19) 
The Casimir operator may be conveniently expressed in 
terms of the operators defined in Eq. (4.15) for RX
as 
2 ( X-2)G = ½ E E H ab (A, B) H ba ( B,A)A, B a,b 
( 4.2 0) 
= 2 E  E cy <k) (A,A))2 + (-l)k+ l E E cy < k) (A, B)) 2
A k odd A< B  k 
( 4.2 1) 
and for Sp
2X we use the operators of Eq. (4.17) to obtain
4 (X-1) G ( Sp
2X) = ½ E E E H a Sab (A, B) H S aba
( B,A)
A, B a, b a, S 
= 2 E E (tl ( K k) (A, A))2 + ( -l) K +k+ l
A K , k 
E E (� ( K k ) (A , B) ) 
2
A<B K,k 
( 4.2 2) 
where K +k is odd in the first summation. 
The above results are useful for constructing eigen­
functions symmetrized with respect to the relevant represen­
tations of the transformation group used to classify the 
multiconfiguration states . 
6. TRANSFORMATION PROPERTIES OF STATES AND OPERATORS
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In this section I derive a correspondence between the 
+ 
transformation properties of the w { Kk ) { A,B) operators and 1r q  
the symmetric and antisymmetric combinations o f  two 
particle states. 
Following Fano and Racah4 6  we denote the vector coupled
states of particle 1 in orbital A and particle 2 in orbital 
B, coupled to spin and orbital ranks K and k with z­
proj ections 1r and q respectively by { 12 I AB Kk1r q> . We then 
define the symmetric {+) and antisymmetric { -) combinations 
as 
+ 
I ABK k1r q> - = [ { 12 I ABKk1rq> ± { 21 I ABKk1r q> ]
_ { Klkl) Acting W ��on a ket. 
'IT lql
equivalent to the commutator 
{ 4 . 2 3 )  
{ K  k ) 




+ { K k ) 
w 
2 2 { C,D) ] and thus proving
7T 2q2
+ 
that the operators w (Kk) {A,B ) have the same symmetry trans-1r q  
formation properties under the operations o f  S p2X and its
subgroups as the two-particle states I AB Kk1r q>�, i. e. the 
operators : { K k) (A,B ) transform like fermions and the1r q  
; (Kk ) (A,B ) like bosons.1rq + 
As the operators � { Kk ) (A,B ) transform the sets
+ 
� (Kk ) (A,B ) and � {
Kk ) (A,B ) into each other it is apparent
9 8  
that they must, together, span a single representation { A }  
of the unitary group u
2X . The operators connect states of 
the same number of particles and so we have 
thus 
We find that the complete set of tensors W ( Kk ) (A, B )  trans-
· 2X- 2  form as the{ 21 O }  representation of u
2X with the except-
ion of the scalar operator 
which transforms as { O } .






X-2o } + <2> + <11>
{ o } + < o > . ( 4 . 2 4 )  
Similar comments will apply to the set of tensors y ( k ) (A, B )
under the operators of UX . The branching rule 
( 4 . 25 ) 
is then required. 
The transformation properties of the two-particle 
states and single particle operators have been found to be 
very similar . When states of operators are coupled care 
must be taken to ensure correct normalization. We could 
9 9  
there fore adopt the combinations 
+ 1 + nl ABK kn q) - and 1 W ( Kk )  (A B )
n n q  , (A  e/ B ) (4 . 2 6 )
and 
+ + 
I AAK knq) �W ( Kk ) (A A) = w < Kk )  (AA)½ i AAKknq) - - and (4 . 27 )2 nq , nq 
An example of the use of coupling the normali zed 
operators for the Coulomb inte raction in the R4 scheme will
be given in Chapter 6 .
7 .  GENERAL CLASS IFICATION SCHEMES 
The algebra of the generali zed Racah tensors gives a 
powerful tool for studying the properties of mixed configur­
ations . The nucleon configurations ( s+d) N have been studied 
by Elliott3 8  using the scheme 
while Feneui lle 3 6 has studied the equivalent problem for
e lectron configurations but using the alternative scheme 
This latter scheme is of  dubious physical signi ficance in 
atoms since it  fails to mix the eigenfunctions of the 1o
states of the d2 and ds configurations which are known to 
couple strongly . 
THE LIBRARY 
UNIVERSITY OF CA TI:RRI
1 0 0  
The c hain o f  groups 
(4 . 2 8 )  
is useful in studying el ec tron s mo ving in a Co ulo mb fiel d 
wher e in the c ase o f  the no n-r el ativistic hydro gen ato m  the 
or bital s assoc iated with th e  pr inc ipal quantum number n ar e 
all degener ate. In this sc heme the singl e par ticl e eigen­
func tio ns tr ansfor m as 
I { l } < D s [  10 · · · OJ [ n-1 , 0  ] LM8�>
wher e L = 0 ,  1 ,  • ·,n-1,  an d the gro up l abel s  ar e wr itten in the 
or der indic ated by Eq. (4 . 2 8 ). 
In the par tic ul ar c ase o f  n = 3 whic h ar ises in the 
cl assific atio n o f  the states o f  the (3s + 3p + 3d)n co nfigur ­
atio ns we need to use the gro up sc heme 
(4 . 29 )
The br anc hing r ul es for s p1 8  + su2 x R9 and R9 + o4 ar e
given in Appendix III . The l atter br anc hing r ul es ar e 
easil y eval uated in ter ms o f  the pl ethysm 
[ 2.0 ] ® [ A. ] ( { 2 } - { 0 } ) ®· [ A. ] • 
To co mp l ete the cl assific atio n we no te t hat under o4 + R4
[ p. q] ' + [ p.q] + [ p.-q] 
[ p.0 ] ' +· [ pO ] 
(q > 0)
while under R 
4 
-+ R3
[ p q J + P , p- 1 ,  • • • , I q I • 
1 0 1 
We note that the problem of duplicated R
4 
representa­
tions in the R9 -+ R4 branching rules becom es appreciable
for all but the sim plest R9 representations. The situation
will obviously worsen as configurations involving higher 
values of the principal quantum num ber n are considered. 
8. THE COULOMB I NTERA CTI ON
After the states of a m ixed configuration have been 
classified by their transform ation properties under a chain 
of groups it is desirable to partition the H am iltonian into 
parts having well-defined transform ation properties under 
the sam e group chain. We now consider in general term s the 
Coulom b  repulsion. 
The Coulom b  interaction between electrons m ay be 








k i> j 
( 4 .  30 ) 
c <� > (-1) A (: = E .. .J. A, B 
(-1) 
A 






) [ A  B ) ½ (k ) -½ v
(� ) (A B), .. .l. , 0 
:) ( A,B ]  ¾[ k] -½ 
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(4. 31) 
Because A+k+B is even we have a sum of opera tors of the 
form � - (k) (A,B) where p is the parity of k, which is the'" l.  
same as that of A-B. 
Using 
(V (k) (A B) • V (k) (C D) IV I - , 
we obtain 
= (k) (k) E (v . (A, B } . v  . (C, D } }
i#j .. 
l. - J 
+ o (A,D } o (B,C } (-l}
A-B
¼ E E R (k} (AB ;CD } (-l }
A+B [ A, B, C, D ] ½ [ k ]
-l





) [ (§ (
k } 
(A,C } - � (
k } 
(B, D } )
0 0 0 0 0 0 
- 2 o  (A, D)o(B, C) v
< �) (A, A)]
( 4 .  32} 
(4. 33) 
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where the R (k ) (AB ; CD) ' s  are the usual Condon and S hortley
radial integrals. 
For a set of configurations involving orbitals of the 
same parity all of the operators appearing in Eq. ( 33 ) are 
of the form y <k ) (A,B ) which transform like the antisymmet­
ric two-particle states constructed from the same set of 
orbitals. This result is entirely analogous to that known 
for a single configuration. However , for configurations 
involvi�g orbitals of  differi�g parities we have also the 
set of tensors y <k ) (A , B ) (A I B ) to consider. These
tensors , unlike those of  y < k ) (A , B ) , are generators of  the
group RX and as such preserve the representation label of 
RX as a " good" quantum number. 
C H A P T E R 5 
COUPLING COEFFICIENTS 
1. THE n-j S YMBOLS
10 4 
The ideas of coupling together two or more angular 
momenta are well known2 7 1 4 6 1 4 8 • The coupling coefficients, 
often known as Clebsch-Gordan Coefficients, have been 
studied at length and various methods have evolved for 
handling sums and products of them. The most powerful is 
a_ graphical technique that takes the phases into account, 
43 expounded by Jucys et al • •  Their book does not, however, 
include a summary of the rules and so I give the more use­
ful rules in Table VI . 
2. GENERALIZED COUPLING COEFFICIENTS
The coupling coefficient for vectors j LM>, where L is 
an R3 representation label and where M specifies which of 
the 2L+l kets of the representation we have, may be general­
. 49-54 ized to any group chain • We write 
= ( 5  . 1 ) 
The labels WM completely specifies the symmetry of the state 
and the number y is required since the Kronecker product 
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w1 x w2 may include W more than once . The properties of 
the coefficients defined by eqn (5 . 1) have been studied by 
Derome4 9 • The coefficients have essentially the symmetry 
of the ordinary R3 symbols for simply reducible groups 
(y=l, only) , but for other groups, several complications 
occur with respect to the choice of phases . 
It is more useful, physically, to regard the M label 
of I LM> as a representation label of R2 , and to redefine 
the group coupli�g coefficients for a chain of groups, i . e .  
to extend the chain R3 � R2 to some other (longer) chain. 
In order to s how the properties of such coefficients, defined 
with respect to any chain, I use kets I WULM> defined on four 
groups 7 and require that the two smallest groups, (givi�g 
rise to the representations labe&s L and M) be simply 
reducible . In the ket I WULM> we may require additional 
labels a and S to completely specify the ket since the 
branchings may give rise to multiplicities . However, I 
shall include thes e labels in the respective representation 
labels for the sake of clarity . 
I WaUSLM> j wuLM> .
Likewise in coupling kets additional labels y may be 
required as in eqn (5 . 1) but these too will be omitted. 
The coupling equation becomes 
TABLE VI : Graphical Coupling Techniques 
Rules 
10 6  
1) A summation over m requires a factor of (-l)
j -m and to
join free ends . The arrows mus t follow :






= • < •
2 )  A summation over j requires a factor of (2 j+l) . Leave 
out the lines j and join ends of the free lines formed , 
to corresponding nodes . Corresponding nodes have the 
lines in the same cyclic order , but with arrows in 
opposite directions 




N . B. We may have A-A ' or A-B , A ' -B' etc . all j oined by 
j ,  the single summation line . 
2 ·  4 )  Change of direction of a closed line j introduces (-1) J .
5) Can merge identical nodes , or separate on three lines
TABLE VI (contd) 
Basic Figures 
= 
j l  j 2  j
3
l =
R, l R, 2 
'
3
J kl k2 k3 








(5 . 2 )
( 5 .  3 )  
A similar expansion is made for the bra < (w1w2 ) WULM I and 
combination with eqn (5 . 2) leads to the orthogonality 
relations 
( 5 . 4 )  
( 5 . 5 )
(5. 6) 
It is interesting to note that the o (MM' ) in eqn (5 . 4) 





that it is not a consequence of the orthogonality relations. 
From the orthogonality relations and eqn (5 . 2) it 
follows that 
10 9  
= 
( 5 .  7 )  
Multiplication by l w
1
uiLiMi> l w2u2L2M2> and its correspond­
ing expansion leads to 
E < u1L1 ; u2L2 1 uL> < u1Li ; u2L2 1 uL> 
u 
E < L1M1 ;L2M2 I LM> < L1Mi ;L2M2 I LM> LM 
= 
= 
( 5 .  8 )  
( 5 .  9 )
= ( 5 .  10) 
where, of course, in eqn (5 . 10) only one term in the sum 
over M will be non-zero . 




;w2u2 1 wu> has certain 
symmetry properties. It will be zero unless w1 x w2::> W 
and u
1 
x u2 .::::, U where ' x ' denotes the Kronecker product of
the representations. Owing to the symmetry of the 
Kronecker product (see eqn (3 .50) ) ,  it is seen that the 
symmetry would be better displayed by use of a symbol 
(w
1
u1,w2u2,w*U* I O) . In fact if we write 
= (5 . 11) 
it can be seen that from Racah ' s  theorem1 a permutation of 
the representation pairs will only produce a phase factor. 
This phase factor is given algebraically for the R3-R2 
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coefficient4 8 ; and the introduction of the factor
j 1-j 2+m(-1) leads to the usual symmetries of the 3j symbol. 




However, Derome and S harp5 1  have shown that for groups that
are not simply reducible, it is impossible to choose a 
unique phase in this manner. 
3. GENERALIZED RECOUPLING COEFFICIENTS 
The 6j symbol is related to the overlap between the 
two possible ways of coupling together three angular momenta. 
I generalize this for all group chains. 
We write the two states as : 
and ( 5 . 12 )  
By the W�gner Eckart theorem, the dependence of u ,  L and M 
is entirely contained in the kets, hence: 
= 
(5 . 13) 
The orthogonal relation follows 
= o (WW) (5 . 14) 
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Both sides of eqn (5. 13} may be expanded in the form 
= E E E E 
u1L1M1 U2L2M2 U3L3M3 U ' L'M '
( 5 . 15} 
Equating coefficients of the simple states eqn (5. 13} leads 
to a sum over U ' L'M' on the left and a sum over W IT  L M on 
the right. 
Factorizing the coupling coefficients and multiplying 
by 
and then for L2 L3 etc. , we are led to the recoupling
equation 
= 
( 5 . 16 }  
If W = L and U = M then the overlap integral in U is 1 and 
we are led to the usual expression of a 6j in terms of a 
product of 3j symbols. Use of symmetry property (5. 11} in 
112
(5 . 16 )  l eads to sym metri es wi th respect to in terchan ge of 
the order of the represen tati on s si mil ar to those well 
k f th 6 . 1 . t 14 8 n own or e J over ap in egra • 
4 . FR ACTIONAL P ARE NTAGE COEFFICIENTS 
In the previ ous chapter vari ous possi bl e group chai n s 
were di scussed for atomi c shell theory. We shall here 
li mi t  ou rsel ves to the LS coupl ed case: 
(5 . 1 7 )
The Sa tes are speci fi ed by the set of quantum n umbers 
] { ln } < l�WSy™r, M8 ) where w i s  a represen tati on of RX of the
a b cr form [ 2. 1 ] an d y the quan tum num ber of an y group(s)
n ested between Rx an d R3•
of 2 S , X- v. 
V We have a = 2 - s , b = mini mum
(5 . 18 )
and cr gi ves whi ch on e of the two conj ugate characters of 
R2 v  i t  i s  when a+b = v .
A coeffi ci en t of fracti on al parentage (cfp) i s
usuall y defi ned as a speci aliz ed couplin g coeffi ci ent. We 
coupl e a sin gl e el ectron on to a state of n-1 el ectrons: 
= 
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The cfp is more useful factorized : 
< n-1,v S W y L + t l }nvSWy L>
= 
(5 . 2 0 )
Use of the reduced matrix element of �4 8  and properties
of eqn ( 4. 6 )  and eqn ( 5. 11 )  leads easily to formulae for 
the u2x + Sp2x and sp2x + su2 x Rx factors of eqn ( 5. 2 0 ) ,
although no phase information is available. The results 
are given in Table VII. 
Two electron cfp are of interest. The equations 
used for the above are not sufficient but the recoupling 
equation, eqn ( 5. 16 ) ,  may be used together with the various 
properties of the overlap integrals for the two spaces. 
After considerable algebraic manipulation I arrive at Table 
VIII. 
5 5  I have not discussed the second quantization approach ,
for although it gives many of the equations, it does not 
give them all. The approach also confuses simple group 
theoretic properties of this chain of groups, with other 
electronic properties. For instance it is not clear, using 
the second quantization approach, that the coupling 
coefficients are independent of the nature of the mixed 
configuration. 
TABLE VII: One Electron Factorized CFP 
Writing T = 2S+l , w = 2X+2-v 
U2X 
-+ Sp2X
2 V w-n<n-1 , v-l ; l ,l l nv> = n w-v 
<n-1 ,v+l ; l , l l nv> 2 w 
n-v
n w-v
sp2x -+ su2 
X Rx
<v-1 ,S-½ ; 1 , ½ l vs>
2 T-1 V+T+l = 2T .  V 
2 T+l v-T+l<v-1 ,s+½ ;l , ½ l vS> = 2T .  V 
2 T-1 w+T+l<v+l ,S-½ ; 1 , ½  I vs> = 2T .  w 
< v+l , S+½ ; 1 , ½  I vs> 
2 T+l W-T+l 
2T .  w 
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TABLE VIII : Two Electron Factorized CFP 
< n -2 , v-2 ; 2 , 2 I n v> 2 = V -n 
w 
v-1 w-n w-n+2
n-1 • w-v • w-v+2
V w-n w-v< n-2 , v  ; 2, 2 I nv> 2 = 2 -n . n-1 . w-v-2 . w-v+2 . 
< n-2, v+2 ; 2, 2 l nv> 2 = 





< v-2 , s ; 2 , o � vs> 2 = ¼ 
< v, s ;  2, o I vs> 
2
= ¼ 
< v+2 , s ;  2, o I vs> 
2
= ¼ 
< v-2, S-1 ; 2, l l vs> 2 =
< v-2, S ; 2, l l vs> 2 = ¼ 
< v-2,S+ l ; 2, l l vS> 2 =
< v  ,s-1 ; 2 , 1  I vs> 2 =
w w-1 n-w n-v-2-








( w+v-2 ) (wv-T2+1)
. w. v (w+v)
w+T+l w-T+l
. w w-1





























TABLE VIII (contd} 
<v  , s ; 2  , 1  I vS> 2 
< v ,S+l ; 2, l l vS)  2 
<v+2,S-1 ; 2, l l vS>  2 
<v+2, S ; 2,l j vs> 2







(w+2 } (v+2 } - (T-1} (T+l}





























It is to be noted that for v or 2s = 0 or 1 some of these 
coefficients are zero, but their formulae give rise to 
negative values . For this case others will be twice the 
value given . 
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The phases of these coefficients are very largely un­
defined. Racah1 makes a choice for R2 t+l but this choice 
is not suitable for all groups (e. g. R4) .  He obtains 
restrictions on the phases knowing the phase for one sub­
group (SU2) and requiring no phase to arise in the rotation 
group when using eqn (5. 11) .  This choice would obviously 
not be satisfactory for the rotation group R4 where per­
mutation of the order of representations in 
< [ p.lql J £ 1 ·; [ p.2q2 J £2· 1 [ p.3q3 J t3>
P1+p2+P3 introduces a phase of (- 1) • Thus until all possible 
restrictions are found it does not seem worthwhile making a 
phase choice. 
C H A P T E R 6 
N APPLICATIONS TO THE (s+p) SHELL
1. INTRODUCTION
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It is well known that the energy levels of a hydrogen 
atom, in the non-relativistic approximation, may be grouped 
in the series 
ls ; 2s2p ; 3s3p3d ; 4s4p4d ; • · • ( 6 . 1 ) 
with orbitals having the same principal quantum number n 
having total degeneracy n2 • Fock
56 and Bargman5 7  have shown
that for the bound states of a single electron moving in a 
pure coulomb potential, the group appropriate to the 
symmetry description of the Hamiltonian is the rotation 
group in four dimensions, R4 • Indeed the orbital eigen­
functions associated with principal quantum number n span 
the 
and 
n2 dimensional representation· [ n-1, 0 ]  of R4• Perelomov 
58 Popov have shown that symmetry of the continuous 
spectra of the hydrogen atom may be described in terms of 
the non-compact homogeneous Lorentz group 0 (3, 1) . Here we 
shall restrict our attention to bound states only and thus 
only R4 will be considered. 
It is of some interest to examine the role of the R4 
group, if any, in the many electron theory of atoms. In 
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59 -6 1  Layz er' s d evelo pment of the theory of comp lex spectra
the " complex of configu rations" involving a d efinite set of 
principal qu antu m num bers n a nd parity played a central 
role. H is d efinition of a complex d erives u lti mately from 
the d egeneracies associated with the hyd rogen atom. 
M oshinsky6 2 , following u pon the work of Bied enharn5 0 , has
su ggested that the group R4 cou ld be u sed as a starting poin
for treating the electron correlation problem. Wu lfman6 3
has su ggested that the d ou bly excited heliu m metastable 
states, stud ied by Lipsky and Ru ssek6 4 , may be u sefu lly
labelled accord ing to the representations of the grou p  R4 •
. 6 5  6 6  M ore recently Alper and Si nanoglu ' have mad e  a
d etai led stud y of the role of the grou p  R4 in the many­
elec tron-theory of atomic stru ctu re giving particu lar 
attention to the Cou lomb interaction in the (2 s+2 p)N and
(3 s+3 p+3 d)N configu rations. They have conclud ed that the
group R4 d oes ind eed have relevance as an approximate
symme try in many electron systems and that it clearly ex­
poses the z and N d epend ence of the nond ynamical electron 
correlation. 
In the present Chapter I wish to examine the signific­
ance of the R4 grou p  as an approximate symmetry group for
the Cou lomb interaction of a many- electron system. I shall 
first give a systematic treatment of the group- theoretical 
12 0 
properties of the Coulomb interaction in the (2s+2p) N
complex correcting a number of s�gnificant errors of sub­
stance in the original work of Alper and Sinanoglu and then
consider the question "Is the group R4 an approximate 
symmetry for many electron theory?" 
2 . CONSTRUCTION OF R4 SYMMETRIZED STATES
The states of the (2s+2p) N complexes may be uniquely
labelled by the scheme of quantum numbers 
N 
I (2s+2p) [ p.q ] SLMs�>, 
or suppressing the quantum numbers MS ML, the terms are
specified by 
I ( 2s+2p) N [ p.q J SL> . ( 6  . 1 ) 
We first note that the matrix elements of a scalar
N 
two particle operator G = E g . .  between states of any N. . l. J 
N l. > J  electron complex X , where X = i1 + i2 + • • •  + tk, may be
expressed as a linear combination of two electron matrix 
elements in x2 weighted by the appropriate two-particle 
coefficients of fractional parentage to give 
TABLE IX : R4 Symm et ri z ed Ei genf uncti ons of (2 s+2p)
1 and
2 ( 2 s+ 2p )  • 
i [ ll ] 3P> = Ii C l 2p2 3P> + l 2 s 2 p 3P> ) 
I [ l-1 J 3P> = -/i- ( I 2p 2 3P> - I 2 s 2p 3P> ) 
= 
· I [ 2.0 J 1P> = - I 2 s 2p 1P> 
! [ 2 0 ] 1s> = 1� 1 2 s 2 1s > - ½ l 2p 2 1s >
·l [ o.o J 1s> = ½ 1 2 s 2 1s> + 1 l 2p 2 1s >
1 2 1  
< XN[ pq] SLI GI � .  [ pq] I SL) 
a a 
= N(N-1)
2 E [ pqJ sE [ pq] II, , [ pq] "' S" L"
_.. N-2 - -- 2 N 
X < X . [ pq] s L ; X [ pq] I ll s II L II I } X . I [ pq] I s L> •a 
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( 6. 2 ) 
Inspection of the above equation indicates that R4 symmetry
can only be conserved in � if the scalar interaction g12
is diagonalized in the two-electron basis I X- [ pq] SL> . Thus 
the question "is the group R4 an approximate symmetry in
many-elec;:tron theory? "  can be answered by investigating the 
structure of the x2 configuration alone.
The states symmetrized according to the scheme of 
eqn ( 6. 1) may be expanded as a linear combination of the 
usual single configuration states . The relevant linear 
combination may be readily determined either by use of 
Biedenharn ' s  formula for the R4 Wigner coefficients
50 or by
use of his result for the reduced matrix elements of the 
operator A ( l ) defined by Eq . (4 . 11) . Either method readily
yields the results of Table 1X for the ( 2s+ 2p ) and ( 2s+2p ) 
2 
complexes . The phases defined in Biedenharn ' s  paper are 
4 7  identical to those of Condon and Shortley • It is important
12 3 
to notice that wi th this convention, the phases of the one 
electron states in the R4 scheme are not simply those of
conventional orbitals. Our results di ffer from those of 
63 . 65 66 Wulfman and of Alper and Sinanoglu ' due in the first 
case to a numerical error and in the second to an incorrect 
choice of group generators and in the transcription of 
Biedenharn' s  results. The di fference in phase for the 
li near combinations of the · I [ 2.0 ]  
1s> and I[ 0 0 ]  1s> states is
of critical importance in assessing the relevance of R4
symmetry in many-electron theory since these are the only 
states belonging to di fferent R4 representations that can
interact in (2s+ 2p)2 and thus give rise to a configuration
mixing . 
We note that the states ·I [ 11 ] 
3P> and I [ 1-1 ]  
3
P> involve
a linear combination of odd and � parity states. However, 
we may always form states of well de fined parity by forming 
the linear combinations 
·I [ pq ] I SL> ± = ?½ < - I [pq ] SL) ± I [ p-q ] SL)) (q > O ) ( 6 .  3) 
There is no di fficulty in obtaining the appropriate 
linear combi nations for more complex two-electron configur­
ations . At this point it should be noted that the linear com­
binations given by Alper and Sinanoglu6 5  for (3s+3p+3d)2 
while forming an orthonormal set do not have consistently 
defined phases . 
3. R4 SYMMETRIZATION OF THE COULOMB INTERACTION
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In Chapter 4 we derived the transformation properties 
of the double-tensor operators �
{ K k ) 
{A ,B ) under all the 
groups of interest here. In Table X we give the transform­
ation properties of the operators using the abbreviation 
+ 
� { K k) { J1,, J1, ' ) = J [ ? { K k) { J1, , J1, ' ) ± { -l ) K +k+Jl, -Jl,
1
� { K k ) { JI, ' , JI, ) ]
= 
Now the Coulomb interaction may be written 
E F0 {2s,2s) {v
< ? >  { ss ) . v < � ) { ss) ) • • .. l. .. J l. > J  
+ 3F
0 {
2p,2p) {v < ? >  {pp ) . v < � ) {pp ) )
.. l. .. J 
+ I� F0 {2s,2p) [ {.v
< ? >  { ss ) . v < � ) { pp) )  + { v < ? >  { pp ) . v < � ) { ss ) ) ]
... l. "' ]  ... J_ -- J  
{ 2) (2) + 6 F2 {2p,2p ) {v . {pp ) . v  . { pp) )- l. .. J 
+ 2G1 {2s,2p ) { v
{ �) { sp) . v < � ) { sp ) )
... l. .. J 
{ 6. 4) 
The Coulomb interaction as written has well known spin 
and orbital symmetry - namely scalar- but we wish to split 
the interaction up into parts of precise R4 symmetries. 
This may be done readily as we know the symmetry of the 
. 1 d th . ff ' · s o  sing e operators an e R4-wigner coe icients When
coupling, the sum is over all subgroup representations and
+ 
thus we must introduce � { l ) { sp) and � { l ) { pp) . 
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TABLE X : Symmetrization of One Particle Tensor Operators 
for ( s+p) N .
08 Sp8 su2 x R4 su2 xR3
{ 216 } <l  2> .3 [ 11] 3P
·3 [ 1-1]
3P




1[ 11] lp 
·1[ 1-1]
lp 
3 [ 2.0 ] 3D
3P
3s
-3 [ 0.0 ] 3 s
{ 0 } < 0> ). [ 0.0 ] ls
Symmetrized Operator 
-# ( 11) ( ) w pp .. 
1 ( 11) 
ri
[? (pp) 
+ � ( 11) (sp) J
+ ( 11) ( ) ]- "-:! sp 
w ( 02) (pp).. 
_ � ( 0 1) (sp)
13 ( 0 0) ( )
2 ""f! S S  
1 ( 01) 
72[ ? (pp) 
1 ( 01) 
ri[? (pp) 
_ ½w ( O O ) (PP).. 
+ � 
{ 0 1) (sp) ]
- ( 01) - � (sp) ] 




I! w (lO) (ss)2 
• ½� ( 10) (pp)
½w ( lO) (ss)
½�
( 0 0) (ss)
+
13 ( 10) ( )- w pp 2 .. 
+ 13 ( 0 0) ( )2 � pp 
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symmetrized with respect to R3
and R4 are given in Tables XI and X II. The possible sym­
plectic group symmetries for these operators are also given . 




= (6 . 5 )  
and comparing this with eqn (6. 4) we may solve for the 
coefficients E
k 
in terms of the Slater integrals ( Table XIII)
Contrary to Alper and Sinanoglu6 5, we note that the exploit­
ation of the R4 symmetry does not lead to any reduction in
the number of parameters required to characterize the 
Coulomb field. This invalidates the results of their 
Tables III and V .  
This process of  symmetrizing with respect to higher 
groups can be carried out whenever we know the coupling 
coefficients . The operators must have a common normalization 
for this procedure and for this reason the factor required 
for the normalization of the operators is included in Table 
X II. 
4 . MATR IX ELEMENTS FOR (2 s+2p)2 
The matrix elements for the e
k 
may be readily calcul­
ated using standard methods to give the results of Table XIV. 
We note we may factorize the matrix element of ei as
TABLE XI : R3 Symmetrized Ope rators
£ 0  
= 












E ( v ( ? ) { s s )  . v < ? ) { s s ) )
• • .. .l. .. J l.> J 
E { V { ? ) { SS  ) • V 
{ ? ) ( pp ) )
· -:1 ·  .. l. .. J l. J 
E (v < ? ) {pp )  . v < ? ) {pp ) )
. . .. l. .. J l. > J  
E (t (
l )
( sp ) . t { l
) { sp) ). . - "' 
l. > J
E { V { � ) ( pp )  • V 
( 
� ) {pp ) )
. . .. l. .. J l. > J  
E (v { �) ( sp )  . v { � ) ( sp ) ). . .. l. .. J l. > J 
E ( v ( �) ( pp }  . v
< �) (pp ) )
. . .. l. .. J l. > J  
12 7 
12 8 
TABLE XII : R4 Symmetrized Operators
Sp8 R4
2S+lL normalization 
<O>  [ 0.0 ] ls eo = e: o+l!e: 1+3e: 2
( 2 2 ) +( 0 )  · [ 00 ] ls 1 � el 
= 3e: o-13e: 1+e: 2-4e: 3
+4e: 4
< 22>+<0> · [ 0.0 ] ls 1 2e: 6+2 e: 57! e2 =
< 11> [ 2.0 ] ls 1 27! e3 = 3 e: o+ lle: l.-3 e: 2
< 2 2>+< 11> [ 2.0 ] ls 1 e4 3 e: o- 13e: 1+e: 2-2 e: 3-2 e: 4-m- = 
< 2 2 > + < 11> [ 2.0 ] ls 1 2 e: 6-2 e: 527! es
( 2 2) [ 4.0 ] ls 1 675" e6 = 1s e: 0-s f3e: 1+s e:2+1
o e: 3
+2 e:4
TABLE XIII : Radial Coefficients for R4 Symmetry
1 
= 'IT [ F.0 (2s2s) + 6F O (2s2p) + 9F O (2p2p) ]
= ½ G1 (2s2p)
= 
1 = 
16 [ F.0 (2s2s) - 2F O (2s2p) + F O (2p2p) - 20F 2 (2p2p) ]
= -½ G1 ( 2p2p)
l = 
48 
[F.0 (2s2s) - 2F O ( 2s2p) + F O (2p2p) + 4F 2 (2p2p) ]
129 
E7 = ¼· [ I. (2s) + 3I (2p) + 2F0 (1s2s) + 6F0 {1s2p) - G0 (1s2s)
- 3G1 (1s2p) ]
E8 = ¼· [ I. (2s) - I (2p) + 2FO (1s2s) - 2FO (1s2p) - Gl (1s2s)
+ G1 (1s2p) ]
TABLE XIV: Matrix elements of (s+p} 2 
eo el e2 e3 
< [ ll J 3P I e .  · I [ ll ] 3P> 
l. 
1 - 3 - 1 
< [ l- 1 ] 3P j ef i  [ l- 1 ] 3P) 1 -3 - 1 
< [ l.1 ]
3P i ei· I  [ l.- 1 ]
3P> - 1 
< [ 2 0 ] 1D I e i I [ 2.0 J 
1o> 1 1 1 - 1 
< [ 20 ] 1P j ei j [ 2-0 ]
1P> 1 1 1 1 
< [ 2.0 J 
1s I ei· I [ 2 0  J 
1s> 1 1 1 2 
< [ 2 -0 J 1s i ei i [ 0 -O J
1s>  . 13 
< [ o o J 1s I e .  I [ o o J 1s> 1 9 -3
1 3 0  
e4 es e6 e7 e8
2 
2 
2 - 1 -2
1 2 2 -2
- 1 - 1 0 2 2
-2 -2 0 2 4
2 13  13 2 13
2 
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Thus reduci�g the number of calculations required. We have 
now separated the Hamiltonian into R4-symmetry preserving
(e0E0 + E 1e1 + E2e2} and symmetry breaking
(E3e3 + E4e4 + e5E 5 + e6E6} terms. The R4 model will only
be \a.lid if the last part is small. In order to obtain some 
feeling for the size of the radial integrals we present in 
Table XV the values of the E
i 
obtained using either hydrogen­
like orbitals or the Hartree-Fock radial integrals found for 
neutral beryllium by Condon and Odabasi6 7 • 
The 1s energy levels are of particular interest since
the R4 model gives a prediction of the mixing of the j 2s
2 1s>
and j 2p
2 1s> states. Using the hydrogenic radial integrals
the relevant energy matrices in the two schemes are 
I [ 20 J is> 
10 8 111 -151°!
-161'! 80 -1s l'! 7 7  
where the matrix elements have units of ze2/512a0 • In this
case the R4 scheme is less diagonal than the configuration
scheme. 
TABLE XV: Radial Integrals 
Hydrogenic 
























. 0 04 7
. 0511 
. 0 0 94 
- . 0 061
- . 0511




Using the H-F orbitals we obtain 
0.5054 -0. 0 933 0. 36 0 7 -0. 1773
-0. 0933 0. 204 6 -0. 1 7 73 0. 3493
in atomic units. Diagonalization of the matrices gives the 
groundstate eigenfunction for beryllium as 
= 
( 6 .  7 )  
suggesting that for these Hartree-Fock orbitals the R4
scheme is very much better than the configurational scheme. 
M lt . f '  . 1 1 t '  6 8-70  f h b 11 · u icon iguration ea cu a ions or t e ery ium
atom yield for the groundstate 71 
= 
o. 736 ·1 [ o.o J 1s> + o. 6 76 ·1 [ 20 ] 1s> ( 6 .  8 )  
indicating in this case that the configurational scheme is 
superior. It should be noted that the phase conventions in 
refs 66 and 7 0  are unspecified, but evidently opposite to 
47  & 4 8  the Condon and Shortley phases Comparison of eqns
{6. 7 ) and { 6. 8 ) suggests that there is a contradiction 
between the R4 and the multi-configuration schemes. To
resolve this discrepancy we shall re-examine some o f  the 
approximations involved in the R4 scheme.
5. INCLUSION OF CLOSED SHE LL EFFECTS
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Equation { 6. 4 )  gives a complete description of the
Coulomb interaction within the { 2 s+2p) N complex but fails 
to include contributions to the Hamiltonian from the ls2 
shell. To take into account these effects for the config-
2 X N-X 47uration ls 2s 2p we must add to eqn (6. 4 )  the terms 
H� = 2I { ls) + F0 ( 1sls) + XI { 2s) + 2XF0 ( 1s2 s) - XG0 (1s2 s)
+ ( N-X) I (2p)  + 2 ( N-X) F0 ( 1s2p) - (N-X) G1 { ls2p) . (6. 9 )
We now express eqn (6. 9 )  as a linear combination o f  operators
havi�g well-defined R4 symmetry by first noting that the
numbers X and N-X may be replaced by their operator 
equivalents 
x = v < � )  { 2 s2 s) and N-X = 13 v < � )  { 2p2 p) 
Inspection of Table X shows that we may construct two 
operators 
(6 . lOa) 
135 
and 
= ( 6 . l0b) 
having [ 0.0]  and [ 20] R4 symmetry respectively, to give




= ¼ [ L (2s) + 2F0 (1s2s) - G0 (1s2s) + 3I ( 2p) + 6F0 (ls2p)
- 3G1 (ls2p) ] ,
and 
E 8 
= ¼ [ I (2s) - I (2p) + 2F0 (ls2s) - 2F0 (1s2p) - G0 (ls2s)
+ G1 (ls2p) ] .
The first two terms in eqn (6 . 11) are constant for the 
terms of a given ( 2s+2p) N complex and thus cannot affect 
the result of eqn ( 6 . 7 ) .  Similarly , since e
7 
is just the 
number operator with eigenvalues N for all terms of the 
complex its effect also leaves eqn (6. 7 ) invariant and thus 
can only alter the absolute energy of the complex. 
The term e8E 8 has· [ 2.0 ] symmetry under R4 and will
thus have an off-diagonal matrix between the I [ 00 ] 1s> and
·I [ 20] 1s> states of ( 2s+2p) 2 as follows from an inspection
of Table XIV. The integrals of Condon and Odabasi6 7  lead 
to the values 
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= -0. 5444 and = -0. 0344 a.u.
Explicit calculation using these values gives the ground­
state eigenfunction of the beryllium atom as 
(6 . 12) 
This result is more in accord with that of the multi­
configuration calculation given in eqn (6.8)  and shows that 
2when the ls shell effects are included the R4 scheme ceases
to be physical and the configurational scheme becomes 
superior. 
The term e8E 8 clearly plays a major role in breaking 
the otherwise good R4 symmetry. This result might well
have been anticipated by noti�g that in the (2s+2p) 1 complex 
the separation of the 2s and 2P terms will be, from eqn
(6.11} just -4E8• Pure R4 symmetry would require this
splitti�g to be zero while experimentally we find for the 
. l . . 7 1isoe ectronic series 
Li I 








. 05 5 1  







6. CONCLU SIO NS
My principal result is that the R4 group does not yield
an adequate approximate symme try scheme for many electron 
theory . . 6 3  6 5  6 6  This i s  con trary to earlier work done ' ' , but 
is in accord wi th more recent work by Wul fman -and 
Moshinsky 7 2 • In re aching this  conclusion I have eliminated 
a number of errors in the earlier works and shown that R4
only approximate ly diagonalizes the energy matrix when the 
effects of the inner shells are negle cted. 
C H A P T E R 7 
PROGRAMMING CONSTDERATI ONS 
1 .  HANDLING PARTITIONS 
13 8 
The operations of  the algebra o f  S-functions , and the 
use of S- functions in continuous group ch aracter analysis , 
have been largely programmed in FORTRAN IV for an IBM 36 0/4 4  
computer. All the operations require the handling of  large 
numbers o f  partitions and techniques must be developed to do 
this rapidly . We s tore a partition simply as a vector in 
two byte ( 16 binary bit) integer format . A sum o f  partitions 
is similarly stored in a rectangular matrix . For the 
applications to group characters , the S- functions are 
res tricted to having no more parts than the value of  the 
group ' s  dimension . For operations with S- functions we may 
choose some arbitrary value for the size o f  the vectors and 
likewise for the dimens ions o f  the rectangular storage 
matrices . 
A subroutine ORDER was written , using the variable 
dimension facility of  FORTRAN IV , to add such a partition to 
a matrix o f  partitions . It was noticed,  however , that when 
calculating the Kronecker product o f  representations , an 
inordinate amount of time was spent in this routine . When 
1 3 9 
rewritten , doi� g the subscripting manually , an incredible 
saving was produced , in the order of half the total time. 
Since that time all routines have been written doing the 
addressing for the compiler , and some of the other more 
important routines were rewritten. 
In all matrices the partitions are ordered in lexical 
order , largest first but two routines are also used to 
produce partitions. NEXT produces the next partition of a 
given number , or the first of the next integer , and LIST 
produces partitions in lexical order , for the purposes of 
tabulations. 
2. INPUT-OUTPUT
Very little input is required for the programmes. The
various main programmes require the group , the group 's 
dimension and where to start and where to stop in a tab­
ulation. A fortran subroutine HEADER reads this information 
off cards , calculating certain other basic information such 
as the size of the vectors required. HEADER also initializes
an assembler output routine. This routine , DUDLEY , prints 
only integer and literal information , but divides this 
into lines and pages , either for the line-printer or the 
typewriter. The typewriter is used to produce high quality 
tables with the special brackets and signs required. Owing 
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to the slow speed of the typewriter (10 characters a second) 
DUDLEY has several output buffers so that the computer can 
continue calculating while the pages are being typed. The 
routine PRNT calls DUDLEY with the numbers and brackets 
required and PRNT also calls a small checking routine that 
performs a dimensional check on each result. 
3. BASIC OPERATIONS
In Chapter 1 I showed how to perform all calculations
with just the two basic operations of outer multiplication 
and division. TWo routines KRONK and GAMMA perform these 
operations in the graphical manner described. All other 
routines consist of manipulating sums and products of the 
partitions with the one exception of MONO. This writes an 
S-function in terms of mononomials , also using a graphical
technique. It was going to be used for a first-principles
method of evaluating plethysms but was not used. 
4. OTHER SPECIAL PROGRAMMES
The only problem remaining other than straightforward
techniques of combining the above operations , is the 
operations of plethysm. PLETH2 calculates simply and 
directly {m} ® {n} where {m} is an S-function on two 
variables. This is required in calculating branching rules 
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from higher groups to R3 • {m} ® {n} on an unrestricted
number of variables is quite easily done by Murnaghan 's 
method. PLIC calculates by this method using PLI to give it 
known results. This it does by calculation if m or n  are 
less than or equal to two, or by requesting PLNUM to look 
up a table. PLNUM is also used to store results in this 
table. The general (outer} plethysm programme (PLETH} uses 
PLHL , PLIL and PLI to calculate any plethysm by using the 
S-functions separated (by SPLIT} into sums of products of
completely symmetric parts (hr's}.
As suggested in the section on inner plethysms, a 
similar method could be used for this probl em, the most 
difficult step being to write an S-function as an inner 
k product of S-functions of the form {m-k, l }.
A routine PCHMOD is used when generating the table of 
{m} ® {n} to punch a module deck of the table in a form
suitable for linkage editing into the other plethysm jobs.
This method is more convenient than reading the data in off
cards.
5. PHASE OVERLAY
The University of Canterbury's IBM 3 60/ 44 had a core
storage size of 1 6 K bytes until mid 1 9 69 when it was 
increased to 3 2  K. The programmes, without the working 
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matrices more than filled this smaller size and were used 
with phase overlay to give the required space for the 
working areas. So-called "root-phase overlay" was used, 
whereby the main programme is premanently resident in core. 
Three phases will then read alternately into the 8K remain­
ing. These phases were: 
a) The header phase, including DUDLEY, HEADER and
IBCOM.
b) The algebra phase, including all the calculation
routines .
c) The output phase.
DUDLEY thus was made to consist of two control sections, one 
ov which was permanently resident to make full use of the 
multibuffering . The FORTRAN phase overlay routines are not 
suitable for use when IBCOM is being overlayed and two 
assembler routines were used. OVER performs the overlaying 
and INIBC initializes or de-initializes IBCOM each time it 
is read in or out. (This is only when HEADER is used) . 
With the larger core size now available no programme 
requires overlay except that an inner plethysm programme 
would require more storage if any but relatively trivial 
examples were to be calculated . 
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"The Theory of Group Characters", D.E. Littlewood 7
p.238: In giving eqs (11.9 ; 1) to (11. 9 ; 6) it would be
desirable to omit the identity (1) appearing on the right­
hand-side as it is already incorporated in the series given
below. Perhaps (11.9 ; 5) and (11.9 ; 6 ) could be better
written as
and 
II (l-e o.1. )  II (l-o. . o. . )l. J 
l/II (l-8 0. . } II (l-o. . o. . }l. l. J 
where e = ± 1. 
p.24 3: Theorem V
= (11.9 ; 5 ) 
= (11.9 ; 6 }  
p.24 7: II • • • •  those S-functions { o.} defined by (11.9 ; 1}
2 5 lines from bottom, and bottom line replace A by A .
24 8 L . 3 Replace 2 v by 22 v. p. : 1.ne • 
p.255: 4 lines from l:nttom replace $r by ½ $r - twice.
p. 25 7 :  Replace � by � 2 five times
Line 16 n = 2v+ l .  
p . 256 :  It  would be worthwhile giving the result
p. 259 : I obtain IX as
150 
= IT ( 2. sin ½• ) [ E (-l) ½ (p-r) g , { n} ]1 r e: n /\ 
= 








p. 294 : 6 lines from bottom replace
{ r+:\ r+ :\ • • • r+:\ r-µ • • •  v-µ } l '  2 '  v '  v '  ' l 
by 
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APPENDIX II  
HYDROGEN RADIAL INTEGRALS 
Following Messi alf�we write a hydrogenic eigenfunction 
as : 




( e , q, ) (A.  l )  
= 
- 2 
F ( 2r)a Nn R.  nR. na (A. 2 )  
where r: are the usual normali zed spherical harmonics , FnR.  
is the Laguerre polynomi al , given for example , by Bateman7; 
and a is related to the radius of  a Bohr orbit .  
h2 a = 
2 Zm ' e
(A.  3 )  
2 I (n- R. -1) ! IN = 2 (n+R.)! nR. n (A. 4 )  
FnR. ( x) 
R, -½x L 2 R.+l  ( x) •= X e n- R.-1 (A.  5 )  
Lk (x) is related to the confluent hypergeometri c series p 
F ( a ! S l x ) 
= 
= 
(p+k ) � F ( -p l k+ l l x) p!k! 
p s . (E:±k) ' �  . E ( -l )  (p-s) �Th:+s) !s!s=O 
(A. 6 )  
(A.  7 )  
15 2 
Substitution of these radi al functions into the radi al 
integral of Condon and Shortley : 
00 00 




ri k+2 = RA ( r . ) Rc ( r . ) r . r . RB ( rJ
. ) RD (rJ
. )  dr . dr .
0 i i 1 0 J J i 
+ f 00 � ( r . ) RD ( r . )
0 
J J 
k+2 r .  RA ( r . ) Rc ( r . ) dr . dr .i i i i J 
lead� to integrals of the form 




J ( a , b )  = 
= 
a ! b !  - b !
( a+b+l·) ! 
fp b -o o e do dp
E 
r=O 
( a+r) ! 
, 2 a+r+lr. 
(b+ l) 2 a+b+2 
F ( a+b+2 , l ; b+2 ; ½)
(A. 9 )  
(A. 1 0 )  
(A. 1 1 )  
(A. 12 ) 
Values of this hypergeometric function may be found us ing , 
F (u , l ; u ; ½ ) = 2 (A . 1 3 )  
153 
and the recurrence re lations : 
xF (x+l , l ; u ; ½ )  = 2 ( u-1)  + 2 (x-u+l)  F (x , l ; u ; ½) 
(A. 1 4 ) 
yF ( u , l ; y ; ½) = 2y + ( u-y ) F (u , l ; y+l ; ½ ) 
Thus we have 




7 a a 
0 1 7. 11 0 1 13 2 F ( 2 s , 2s ) = - . 
7 
F ( 2 s , 2p )  = - . 
;IT a a 
0 1 3 . 31 0 1 2 4 F ( 2p , 2p )  = -
7 
G ( 1s , 2p )  = - . 
� a a 
2 1 3· _ 3· _  5 Gl ( ls ,  2p)  1 2





7 a a 
0 1 7 1 1 32 · •  5 F ( 1s , 2 s )  = - . 
j""! 
G ( 2 s , 2p)  = - . 
7 a a 
APPENDIX III 
TABLES OF GROUP AND S-FUNCTION PROPERTIES 
In the following pages we present several tables of 
group and S-function properties. 
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The tables of branching rules required for the (s+p+d) N
electronic configuration were calculated by hand using the 
methods in the text. Both tables require the use of  
plethysm and could now be  machine computed. 
The other tables were machine computed and checked and have
been reproduced photographically to eliminate copying errors. 
Two special notations are used however: 
1) When writing a spin representation of  R8
[ ),. ] [
µ
� , � , . .  · ] ( µ . odd) 1 
we have written · [ µ_ ] ' since the computer could not write 
fractions. 
2) For the table of plethysms of one part we have listed
{m} ® {n} and {m} ® { ln} for mn � 22. The latter we have












De comuo s i t ions of Irre duc ible Renre sentations for 
















1 [0000 } 
2 [ 1 000 ) 
3 [ 1 1  00 ] 1 ( 2000 ]
4 [ 1 1 1 0 ) 2 ( 21 00 )
5 ( 1 1 1 1  ] 3 (21 1 0] 1 ( 2 200 ] 
6 ( 1 1 1 1 ] 4 (2 1 1 1  ] 2 ( 22 1 0 )  
7 ( 1 1 1  O J  5 [ 21 1 1 ] 3 [ 22 1 1 ] 
1 [ 2220 ] 
8 [ 1 1 00 J 6 [ 21 1 0J 4[ 22 1 1 J
2 ( 2 2 2 1 ]
9 [ 1 000 ] 7 [ 21 00 ] 5 [ 221 0 ]  3 [ 22 2 1 ]  1 . [  2222 ]
1 0 [ 0000 J 8 [ 2000J
6 [ 2200 J 4 ( 2220 J 2 ( 2222]
1 55 
\.0 :r [i.] R9
1 [oooo ] 
9 [ 1 000 ] 
36 [ 1 1 00 ] 
84 [ 1 1 1 0 ] 
1 26 [ 1 1 1 1 ] 
44 [2000 ] 
. 2.31 [ 2 1 co] 
. 
594 [.2 1 1 0 ] 
924- ( 2 1 1 1 ] 
495 [ 2200] 
1 650 [ 22 1 0 ]  
277 2 [ 221 1 ) 
[ 
1 980 [ 2220 ]  
41 58 [ 2221 ] 
277 2 [ 2222 ] 






(00 ]  
[ 20 ] 
(31 ] ( 1 1 ] 
[ �0 ] (33 ] [31 ] [20 ] [ 1 1 ] 
[42 ] [40 ] [3 1 ] [ 22 ] [ 20 J 2 [ oo ]  
[ Li0 ] [ 2 2 ] [ 20 ] 
[ 5 1 ] [42 ] [40 ] [ 31 ] 2 [ 22 ] [ 20 ] 2 [ 1 1 ]  
. ) 
[ 60 ] ( 53 ] [ 5 1 ] 2 (L�2 ] 2 [40 ] 3 [ 33 ] [ 31 ] 4 [ 22 ] [ 20] 4 ( 1 1  ]
2
[ 62 ] [ 60 ] [ 53 ] [ 51 ] 3 [ �4 ] [42 ] 3 [40 ] 5 [ 33 ] [31 ] 5 ( 2 2 J 3 [ 20 J 5 [ 1 1 ]
2
[ oO J  
[ 62 ] [ 60] [ 5 1 ] [ 441 [ �-2 ] 
2 [ 40] 3 [ 31 ] 
2 ( 22 ] 2 [_20 ] .3 (00 ]
2
" 




[ 7 3] [ 7 1 ) 2 [ 64) [ 62 ] 3 [ 6o] 4[ 55 ] [ 53 ] � [5 1 ]
8
[ 44] (42 ] 7 (40]
1 0
[ 33] 4 (31 ]
1 1 
( 2 2 ) 3
[ 20 ] 8 [ 1 1 ] 5
[ 80] [ 7 3] [ 7 1 ] [ 66] [ 64] [ 62]  3 [ 60 ] 4 [ 5 3 ] 2 [ 51 ] 4 [ L14] 2 [ 1-j, 2 ] 5 [ 40 ] 8 [ 3 3 ]  2 ( 31 ] 5 ( 2 2 ] 3
[ 20] 6 ( 1 1 ] (00 ] 3




[ 42] 9 [ 40 ]
1 2
[ 3 3] 4( 3 1 ] 1 2 [ 2 2 ] !� [ 20] 9 [ 1 1  ] !�[ 00 ]
[ 84] [ 8 2] [ 80] [ 7 3] [ 7 1 ]  2 [ 64] 2 [ 62 ] 4[ 60] 4[ 5 5] ( 53] 3 [ 5 1 ] 
6 [ 44] 
2 
( 42] 6 [ L1.0] B [ 33]
[ 3 1 ] 5[ 22 ] 4[ 20] 6 ( 1 1 ) [ 00] 
Kronecker Products of Spin Representations of R8
( 1 1 1 1 ) '  X [ 1 1 1 1 ) 1 • [ 0 0 0 0 )  + [ 1 100 ) + [ 1 1 1 1 ]
[ 1 1 1•1 ) ' X [ 1 111 ) '  • ( 1 0 0 0 )  + ( 1 1 1 0 )  
[ 1 1 1-1 ) ' X [ 1 1 1• 1 ) 1 • ( 0 0 0 0 ]  + ( 1 10 0 )  + ( 1 1 1• 1 ]  
157 
/ 
( 3 1 1 1 ) '  X [ 1 111 ) 1 • ( 1 000 ] + ( 11 1 0 )  + ( 2 1 0 0 ]  + ( 2 1 11 ) 
[ 3 1 1 1 ] 1 X ( 11 1- 1 ) 1 • ( 1 1 0 0 )  + [ 11 1 1 ) + ( 2 000 ) + ( 2 1 1 0 )  
( 31 1 1 ) 1 X ( 3 11 1 ) 1 • ( 0 0 0 0 )  + 2 ( 1 1 0 0 )  + ( 11 1• 1 ) + ( 1 1 1 1 ) + ( 2 0 0 0 )  + 2 ( 2 1 1 0 ]  + ( 2 2 0 0 ) + [ 2 2 1 1 )
+ [ 3100 ) + [ 31 1 1 ]  
( 3 1 1 • 1 ) 1 X [ 11 1 1 ] 1 • ( 11 0 0 )  + ( 11 1• 1 ]  + ( 2 0 0 0 )  + ( 2 110 ) 
( }11•1 ) 1 X ( 1 11-1 ) 1 • ( 1 0 0 0 )  + ( 1 1 1 0 ) + ( 2 10 0 )  + ( 2 11-1 ) 
( 31 1• 1 ) 1 X ( 31 1 1 ] 1 • ( 10 0 0 )  + 2 ( 11 1 0 ]  + 2 ( 21 0 0 )  + ( 2 1 1• 1 )  + ( 2 11 1 )  + ( 2 2 1 0 )  + ( 30 0 0 )
+ ( 3 1 1 0 ]  
( 3 1 1 - 1 ) 1 X ( 3 1 1 - 1 ] 1 • ( 0000 ) + 2 ( 1 1 0 0 ]  + ( 11 1 - 1 ]  + [ 1 1 1 1 )  + ( 2 0 0 0 ] + 2 ( 2 1 1 0 ] + ( 2 2 0 0 )
+ ( 2 2 1 - 1 ]  • ( 310 0 ]  + ( 3 11-l ] 
( 3311 ] 1 X ( 1 11 1 ) 1 • ( 11 0 0 ]  + [ 1 111 ) + ( 2 110 ) + [ 2 2 0 0 ]  + ( 2 211 ) 
( 3 3 1 1 ) '  X ( 11 1- l ] '  • ( 11 1 0 ] + ( 2 1 0 0 ]  + ( 2 1 1 1 ] + ( 2 2 1 0 ] 
( 3 3 11 ] '  x [ 3 1 1 1 ) 1 • [ lOOQ ] + i f lllO ) + 2 [ 2 1 0 0 ]  + [ 2 1 1 - 1 )  + 2 ( 2 11 1 )  + 2 [ 2 2 1 0 ) + ( 2 2 2 1 ]  + ( 31 1 0 )
+ ( 32 0 0 ]  + [ 3 2 1 1 ] 
( 3311 ) 1 X ( 311-1 ] 1 • ( 11 0 0 ]  + ( 11 1- 1 )  + ( 11 11 ) + [ 2 000 ) + 3 ( 2 11 0 ) + ( 2 2 0 0 ) + ( 2 2 1 • 1 ]
+ ( 2 2 1 1 ] + ( 2 2 2 0 ]  + [ 31 0 0 ]  + ( 31 1 1 ]  + ( 32 1 0 ] 
( 3 3 1 1 ] 1 X ( 331 1 ] 1 • ( 0 0 0 0 ]  + 2 [ 1100 ] + [ 1 1 1- 1 ]  + 2 [ 1 1 1 1 ] + ( 20 0 0 ] + 3 ( 2 110 ] + 2 ( 2 2 0 0 ] 
+ ( 2 21 - 1 ]  + 3 ( 2 2 1 1 ] + [ 2 2 2 0 ]  + ( 2 2 2 2 ]  + ( 31 0 0 ]  • ( 31 1 - 1 ]  + ( 31 1 1 ) + 2 ( 3 2 1 0 ]
+ ( 32 2 1 ]  + ( 3 3 0 0 ]  + ( 3 3 1 1 ]  
( 331•1 ) 1 X ( 11 11 ) 1 • ( 11 1 0 ] + [ 2 10 0 ]  + [ 21 1 • 1 ]  + ( 2 2 10 ) 
[ 3 31•1 ) 1 X ( 11 1- 1 ] 1 • ( 1 1 0 0 )  + [ 11 1- 1 )  + ( 2 1 1 0 ) + ( 2 2 00 ) + ( 2 2 1 - 1 )  
( 3 3 1- 1 ) 1 X [ 31 1 1 ) 1 • ( 1100 ) + ( 11 1 - 1 )  + [ 11 1 1 )  + [ 2 000 ) +3 ( 2 11 0 ]  + ( 2 2 0 0 ]  + ( 2 2 1-1 ]
. + ( 2 2 1 1 ) + [ 2 2 2 0 )  + [ 31 0 0 ]  + ( 31 1 - 1 ]  + ( 32 10 ]  
( 3 31• 1 ) 1 X [ 31 1- 1 ] 1 • [ 10 0 0 )  + 2 [ 1 1 1 0 ]  + 2 [ 2 1 0 0 ) +2 [ 2 1 1 - 1 ]  + [ 21 1 1 ) + 2 [ 2 2 1 0 ) + ( 2 2 2 - 1 ]
+ [ 3 1 1 0 )  + ( 3 2 0 0 ]  + ( 3 2 1 - 1 ]  
[ 331•1 ] 1 X ( 33 1 1 ] 1 • ( 10 0 0 ]  + 2 ( 11 1 0 ]  +2 ( 2 1 00 ) + 2 ( 2 11 • 1 ]  + 2 ( 2 1 1 1 ] + 3 ( 2 2 1 0 ) + ( 2 2 2 - 1 )  ' + ( 2 2 2 1 )  + ( 3 0 0 0 ]  + 2 ( 31 1 0 ] + [ 3 2 0 0 ]  + ( 32 1- 1 ] + [ 3 2 1 1 ) + ( 32 2 0 ] + ( 3 3 1 0 )
( 331�1 ] 1 X [ 331-1 ) 1 • ( 0 0 0 0 )  + 2 ( 11 0 0 ]  +2 [ 1 1 1-1 ) + ( 1 1 1 1 ) + ( 2 0 0 0 ]  + 3 ( 2 1 1 0 ]  +2 [ 2 20 0 ] 
+ 3 ( 2 2 1-1 ] + [ 2 2 1 1 ) + [ 2 2 2 - 2 )  + ( 2 2 2 0 ) + [ 31 0 0 ) + ( 31 1-1 ) + ( 31 1 1 )
+ 2 ( 3 2 1 0 ) + ( 32 2 - 1 ]  + ( 3 300 ] + [ 3 3 1- 1 )  
f 3331 J ' X ( 11 1 1 )
1 
• ( 11 1 0 ]  + ( 2 1 1 1 ]  + ( 2 2 10 ]  + ( 2 2 2 1 )  
3331  t X [ 1 11•1 ] 1 • ( 11 1 1 )  + ( 21 10 ) + [ 2 2 1 1 ) + ( 2 2 2 0 )  
[ 3331 ) 1 X [ 311 1 ) '  • ( 11 0 0 )  + ( 1 1 1- 1 )  + ( 11 1 1 ]  + 2 ( 2 1 1 0 )  + [ 2 2 0 0 )  + ( 2 21•1 ] + 2 ( 2 2 1 1 )
+ ( 2 2 2 0 )  + [ 2 2 2 2 )  + [ 31 1 1 ]  + [ 3 2 10 )  + [ 3 2 2 1 )  
( 3 3 3 1 ) 1 X ( 3 11 • 1 ] 1 • ( 11 1 0 ]  + ( 2 10 0 ] + [ 2 1 1- 1 ]  +2 ( 2 1 1 1 ]  + 2 ( 2 2 1 0 ]  + ( 2 2 2 - 1 ) + ( 2 2 2 1 ]
+ ( 31 1 0 ) + ( 3 2 1 1 )  + ( 3 2 2 0 ) 
0
( 3 331 ) 1 X ( 33 1 1 ] 1 • ( 10 0 0 )  + 2 [ 1 1 1 0 )  + 2 ( 2 10 0 )  + ( 2 11-1 ) + 2 ( 2 1 11 ] +3 ( 2 210 ) + 2 ( 2 2 2 1 )  + ( 31 1 0 )
+ ( 32 0 0 )  + ( 32 1- 1 )  + 2 ( 32 1 1 ] + [ 3 2 2 0 ] + [ 3 2 2 2 ]  + [ 33 1 0 ] + ( 3 32 1 ]  
( 3 3 31 ) 1 X ( 33 1- 1 ] 1 • ( 1 1 0 0 ]  + ( 11 1 1 )  + ( 2000 ) + 3 ( 2 1 1 0 )  + ( 2 2 0 0 )  + ( 2 2 1• 1 ) + 2 ( 2 2 11 ) 
+ 2 ( 2 2 2 0 )  + [ 31 0 0 )  + [ 31 1- 1 )  + [�11 1 )  +2 ( 3 2 1 0 )  + ( 32 2 - 1 )  + ( 32 2 1 )
+ [ 331 1 )  + ( 33 2 0 ) 
( 3 331 ) 1 X [ 3331 ) 1 • ( 0 000 ) + 2 [ 11 0 0 )  + ( 1 1 1- 1 )  + ( 11 1 1 )  + ( 2 0 0 0 )  + 2 ( 2 1 1 0 )  + 2 ( 2 2 0 0 ) 
+ ( 2 2 1- 1 )  +2 ( 2 2 1 1 )  + ( 2 2 2 0 ) + ( 2 2 2 2 )  + ( 3 1 0 0 )  + ( 31 1 1 )  + 2 ( 3 21 0 ) + 2 ( 3 2 2 1 )
+ ( 330 0 )  + ( 33 1- 1 )  + ( 3 3 11 ]  + [ 3 3 2 0 )  + [ 33 2 2 )  + ( 3331 ) 
( 333 - 1 ) 1 X ( 1 1 1 1 ) 1 • ( 11 1 • 1 )  + ( 21 1 0 ) + ( 2 2 1• 1 ]  + ( 2 2 2 0 ) 
( 333- 1 ) 1 X [ 111-1 ] 1 • [ 11 1 0 ]  + [ 2 1 1 • 1 ]  + [ 2 2 1 0 )- + [ 2 2 2 -1 ) 
[ 333•1 ] 1 X [ 31 1 1 ] 1 • ( 11 1 0 ]  + [ 2 100 ) + 2 [ 2 1 1 - 1 )  + ( 2 1 11 ) + 2 [ 2 2 1 0 )  + [ 2 2 2- 1 )  + ( 2 2 21 ]
� + [ 31 1 0 ) + [ 3 2 1- 1 )  + ( 32 2 0 )  
[ 333•1 ] 1 X ( 31 1- 1 ] 1 • [ 11 0 0 ]  + [ 11 1- 1 ]  + [ l l l l )  + 2 [ 2 1 1 0 )  + [ 2 2 0 0 ) + 2 [ 2 2 1- 1 )  + [ 2 2 1 1 )
+ [ 2 2 2 -2 ] + [ 2 2 2 0 )  + [ 311 - 1 )  + ( 3 2 1 0 )  + [ 32 2 - 1 )  
[ 3 33• 1 ] 1 X [ 33 1 1 ) 1 • [ 11 0 0 ]  + [ 1 11-1 ] + [ 2 0 0 0 )  + 3 ( 2 1 10 ) + [ 2 2 0 0 )  + 2 ( 2 2 1 - 1 ]  + [ 2 2 1 1 ) 
+ 2 [ 2 2 2 0 ]  + [ 3 1 0 0 )  + [ 311- 1 )  + [ 3 1 1 1 ]  +2 [ 3 210 ] + [ 3 2 2 - 1 )  + [ 32 2 1 ) 
+ [ 331-1 ) + [ 3 3 2 0 ]  
[ 3 33•1 ) '  X [ 33 1- 1 ] 1 • ( 10 0 0 ]  + 2 [ 11 1 0 ] +2 ( 2 100 ] +2 [ 2 1 1 - 1 ]  + [ 2 l ll l + 3 f 2 2 1 0 )  +2 ( 22 2-1 )+ [ 31 1 0 )  + [ 32 0 0 ]  + 2 ( 32 1 - 1 )  + [ 3 211 ] + [ 32 2 - 2  + ( 3 2 2 0 )  + [ 3 31 0 ]  
+ [ 332- 1 )  
( 3 3 3- 1 ) 1 X [ 3 331 ) 1 • [ 1 000 ) + ( 11 1 0 ) + 2 [ 2 1 00 ] + ( 2 11 - 1 )  + [ 2 111 ] +2 ( 2 2 10 ) + [ 2 2 2-l J 
+ ( 2 2 2 1 )  + [ 30 0 0 )  + 2 [ 3 1 10 ) + [ 3 2 0 0 )  + ( 3 2 1 - 1 )  + [ 32 1 1 ) + 2 [ 32 20 )  + [ 33 1 0 ]
+ [ 332- 1 ) + [ 33 2 1 ) • [ 3 3 3 0 ]  




l l l• l ] + ( l l l l
i 
+ f 2 00 0 l + 2 f 2 11 0 ]  + 2 f 2 2 0 0 ]  +2 ( 2 2 1 - 1 ] + ( 2 2 1 1  + 2 2 2-2 ] + [ 2 2 2 0  + 3 1 0 0  + 3 1 1 -1 )  + � ( 32 1 0 ) 
+ 2 ( 32 2 - 1 )  + [ 3300  + 3 31-1 ] • ( 3 3 1 1  + [ 33 2- 2 )  + ( 33 2 0 )  + [ 333-1 ]
[ 3 3 3 3 ) 1 X ( 1 111 ) 1 • [ 11 11 ) + [ 2 2 11 ) + ( 2 2 2 2 ]  
( 3333 ] 1 X ( 1 1 1- 1 1 ' • ( 2 111 ) + ( 2 2 2 1 )  
( 3333 ] ' X ( 3 11 1 ]  • ( 1 1 1 0 ]  + [ 2 1 1 1 ] + [ 2 2 1 0 ] + [ 2 2 2 1 ]  + ( 3 2 1 1 )  + ( 3 2 2 2 ]  
( 3333 ] '  X [ 3 1 1 • 1 ] 1 • [ 2 110 ) + ( 2 2 11 ] + [ 2 2 2 0 ) + [ 31 1 1 ] + [ 32 2 1 ) 
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. Kronecker Products of Spin Representations of R8 (contd)
[ 3 3 3 3 ] 1 X [ 3 311 ] 1 • [ 1 1 0 0 ]  + [ 11 1 1 ]  + [ 2 110 ] + [ 2 2 0 0 ]  + 2 ( 2 2 1 1 )  + [ 22 2 2 ] + [ 3 210 ] + [ 3 2 2 1 ]
+ [ 3Hl l + [ n 2 2 1  • 
. 
[ 3 3 3 3 ] 1 X [ 3 31-1 } ' • [ 2 1 0 0 ]  + [ 2 1 1 1 ]  + [ 2 2 1 0 ]  + [ 2 2 2 1 ]  + ( 31 1 0 ]  + [ 3 2 1 1 ] + ( 32 2 0 ) + ( 33 2 1 ]
[ 3 3 3 3 ] 1 X [ 3 3 3 1 ]  • [ 1 00 0 ]  + [ 1 1 1 0 ]  + [ 2 1 0 0 ] + [ 2 1 1 1 ]  + [ 2 2 1 0 ]  + [ 2 2 2 1 ]  + [ 3 2 0 0 ]  + [ 3 211 ] 
+ [ 32 2 2 ]  + [ 3 3 1 0 ]  + [ 3 3 2 1 ]  + [ 33 3 2 ]  
( 33 3 3 ] 1 X [ 3 33• 1 ) 1 • [ 2 00 0 ]  + [ 2 1 1 0 ]  + [ 2 2 2 0 ] + [ 31 0 0 ]  + [ 3 1 1 1 ]  + [ 3 2 1 0 ]  + [ 32 2 1 ) + [ 3 3 2 0 )
+ ( 3 331 ] 
[ H33 ] 1 x [ 3 3 3 3 ] 1 • ( 0 0 0 0 ]  + ( 11 0 0 ]  + [ 1 1 1 1 ]  +. [ 2 2 0 0 ] + [ 2 2 11 ]  + [ 2 2 2 2 ]  + [ 33 0 0 )  + [ 3 311 ] 
+ [ 3 3 2 2 ]  + [ 3 3 3 3 ]  
[ 3 33- 3 ) 1 X [ 11 1 1 ] 1 • [ 2 1 1•1 ] + [ 2 2 2-1 ] 
333-3 1 X [ 3111 ] 1 • [ 2110 ) + [ 2 2 1- 1 ]  + ( 2 2 2 0 ]  + [ 3 1 1 - 1 )  + ( 3 2 2 • 1 )  �
333·3 J ' X [ 111-1 1
1 
• [ 111-1 ) + [ 2 21 - 1 ]  + [ 2 22-2 ] 
333• 3 ] 1 X [ 31 1- 1 ) 1 • [ 1 1 1 0 )  + [ 2 11- 1 ]  + ( 2 2 1 0 ]  + [ 2 2 2- 1 )  + ( 3 2 1•1 ] + ( 3 22-2 ] 
'[ 333-3 ] 1 X [ 331 1 ] 1 • [ 2 10 0 ]  + [ 2 11 • 1 ]  + ( 2 2 1 0 ]  + [ 2 2 2•1 ]  + [ 3 110 ] + ( 3 21•1 ] + ( 3 220 ] 
+ [ 3 3 2 - 1 ]  
[ 33 3•3 ] 1 X [ 331• 1 ] 1 • ( 1 1 0 0 )  + ( 1 1 1• 1 ]  + ( 2 110 } + (1 2 0 0 ) 
• ( 32 2-1 1  • r 3 31-1 1 • { 3 3 2-2 1 
[ 3 33• 3 ] 1 X [ 3331 ] 1 • [ 2 0 0 0 ]  + ( � 1 1 0 ]  + ( 2 2 2 0 ]  + ( 31 0 0 ]  + 
+ ( 3 3 2 0 ]  + [ 33 3- 1 ]  
+ 2 ( 2 2 1- 1 ]  + ( 22 2- 2 ] + ( 32 1 0 ]
( 3 11-1 ) + ( 3210 ] + [ 3 2 2 - 1 )  
( 3 33• 3 ] 1 X [ 333- 1 ] 1 • ( 10 0 0 ]  + [ 11 1 0 ] + ( 2 10 0 ]  + ( 2 11- 1 ]  + ( 2 2 1 0 ]  + ( 2 22•1 ] + ( 3 200 ] 
+ [ 32 1- 1 )  + [ 32 2 - 2 ]  + [ 3 3 1 0 ]  + [ 332-1 ] + [ 33 3-2 ] 
[ 333- 3 ) 1 X [ 3333 ] 1 • ( 30 0 0 ]  + [ 31 1 0 ]  + [ 3 2 2 0 ]  + ( 33 3 0 ]  
( 333- 3 ] 1 X ( 333-3 ] 1 • [ 0 0 0 0 ]  + [ 1 1 0 0 ]  + ( 111- 1 ]  + [ 22 0 0 ]  + [ 2 21-1 ] + [ 22 2- 2 ]  + ( 33 0 0 ]
+ [ 331-1 ]  + t33 2- 2 ] + [ 3 3 3- 3 ]  
The Expansion of S-Functions as Mononomials 
{ 0 } • ( 0 )  
{ 1 } . ( 1 )  
{ 2 } • ( 1 1 )  + ( 2 )  
{ 1 1 }  • ( 1 1 )  
{ 3 } • ( 1 11 ) + ( 2 1 )  + ( 3 )
{ 2 1 } •2 ( 11 1 )  + ( 2 1 )  
{ 111 } • ( 11 1 )  
{ 4 )  • ( 1 111 )  + ( 2 1 1 )  + ( 2 2 ) + ( 3 1 ) + ( 4 )  
{ 31 )  • 3 ( 1 1 1 1 )  + 2 ( 2 1 1 )  + ( 22 ) + ( 3 1 )  
{ 2 2 )  •2 ( 11 1 1 )  + ( 2 1 1 )  + ( 2 2 )  
( 2 1 1 )  • 3 ( 1111 ) + ( 2 1 1 )  
( 1 1 1 1 }  • ( llll )  
{ 5 )  • ( 1 1111 )  + ( 2 111 )  + ( 2 2 1 )  + ( 3 11 )  + ( 3 2 ) + ( 4 1 )  + ( 5 )  
{ 4 1 )  •4 ( 11111 ) + 3 ( 2 1 1 1 )  + 2 ( 2 2 1 )  +2 ( 311 ) + ( 3 2 ) + ( 4 1 )  
{ 3 2 )  • 5 ( 11111 ) + 3 ( 2 1 11 ) + 2 ( 2 2 1 ) + ( 3 1 1 )  + ( 3 2 ) 
{ 3 1 1 )  • 6 ( 1 1 1 1 1 )  + 3 ( 2 1 1 1 )  + ( 2 2 1 )  + ( 3 11 ) 
{ 2 2 1 )  • 5 ( 1 1 1 1 1 )  + ( 2 1 1 1 )  + ( 2 2 1 )  • 
{ 2 111 )  • 4 ( 11 1 1 1 )  + ( 2 1 1 1 )  
{ 11 1 1 1 )  • ( 1 1 111}  
1 59 
{ G )  • ( 1 11111 ) + ( 2 1 111 ) + ( 2 2 11 ) + ( 2 2 2 ) + ( 3111 ) + ( 3 2 1 )  + ( 3 3 )  + ( 4 1 1 )  + ( 4 2 )  + ( 5 1 )  
+ ( 6 )
{ 5 l r  • 5 ( 111111 ) + 4 ( 2 1111 ) +3 ( 2 2 1 1 )  + 2 ( 2 2 2 )  + 3 ( 3 11 1 )  + 2 ( 3 2 1 )  + ( 3 3 )  + 2 ( 41 1 )  + ( 4 2 )  + ( 5 1 )  
{ 4 2 )  •9 ( 1 1 1111 ) +6 ( 2 111 1 )  +4 ( 2 2 1 1 )  + 3 ( 2 2 2 )  + 3 ( 3 1 1 1 )  +2 ( 3 2 1 )  + ( 3 3 )  + ( 41 1 )  + ( 4 2 )  
{ 4 1 1 }  •10 ( 1 11111 ) +6 ( 2 1111 ) +3 ( 2 2 1 1 ) +2 ( 2 2 2 ) + 3 ( 3 1 1 1 )  + ( 3 2 1 )  + ( 3 3 )  + ( 41 1 )  
{ 3 3 }  • 5 ( 1 1 1 1 1 1 )  + 3 (2 1111 ) +2 ( 2 2 1 1 )  + ( 2 2 2 ) + ( 3 1 1 1 )  + ( 3 2 1 )  + ( 3 3 )  
{ 3 2 1 )  •16 ( llllll l + 8 ( 21111 ) + 4 ( 2 2 1 1 )  + 2 ( 2 2 2 )  + ( 3 1 1 1 )  + ( 3 2 1 )  
{ 31 1 1 )  • 1 0 ( 1 1111 1 )  +4 ( 21111 ) + ( 2 2 1 1 )  + ( 2 2 2 )  + ( 31 1 1 )  
{ 2 2 2 )  • 5 ( 1 11111 )  + ( 2 11 1 1 )  + ( 2 2 1 1 )  + ( 2 2 2 )  
{ 2 2 11 )  •9 ( 11 1 1 1 1 )  + ( 2 1111 ) + ( 2 2 1 1 )  
{ 2 1 1 1 1 )  •5 ( 1 1 1 1 1 1 )  + ( 21 1 1 1 )  
{ 1 11111 )  • ( 111111 ) 
{ 7 } • ( 1 1111 1 1 )  + ( 2 11111 ) + ( 2 2 1 1 1 )  + ( 2 2 2 1 )  + ( 31 1 1 1 ) + ( 32 1 1 )  + ( 32 2 )  + ( 331 ) + ( 4 1 1 1 )  
+ ( 4 2 1 )  + ( 4 3 )  + ( 5 1 1 )  + ( 5 2 )  + ( 6 1 )  + ( 7 )
{ Gl )  •6 ( 1111 1 1 1 )  + 5 ( 2 11111 ) +4 ( 2 2 1 1 1 )  + 3 ( 2 2 2 1 )  +4 ( 3 1 1 1 1 )  + 3 ( 3 211 ) + 2 ( 3 2 2 )  +2 ( 331 ) +3 ( 4 1 11 ) 
+ 2 ( 4 2 1 )  + ( 4 3 )  + 2 ( 5 1 1 )  + ( 5 2 )  + ( 6 1 )
{ 5 2 }  • 14 (1 11 1111 ) + 1 0 ( 211111 ) + 7 ( 2 21 1 1 ) + 5 ( 2 2 2 1 )  +6 ( 3 1 1 1 1 )  +4 ( 3211 ) + 3 ( 3 22 ) +2 (331 ) 
+ 3 ( 4 1 11 ) + 2 (4 21 ) + ( 4 3 )  + ( 5 1 1 )  + ( 5 2 )
{ 5 1 1 }  •15 ( 1111111 )  +10 (2 1 1 11 1 )  +6 ( 2 2 1 1 1 )  + 3 ( 2 2 2 1 )  + 6 ( 3 1 11 1 )  + 3 ( 3 2 1 1 )  + 2 ( 3 2 2 )  + ( 33 1 )
+ 3 ( 4 11 1 )  + ( 4 2 1 )  + ( 4 3 )  + ( 5 11 )
{ 4 3 )  •14 ( 111 1111 ) +9 ( 2 11111 ) +6 ( 2 2 11 1 )  +4 ( 2 2 2 1 )  + 4 ( 3 1 1 1 1 ) ' + 3 ( 32 1 1 )  + 2 ( 32 2 )  + 2 ( 33 1 )
+ ( 4 111 ) + ( 4 2 1 )  + ( 4 3 )
{ 4 2 1 }  •35 ( 1111111 )  + 2 0 (2 11111 ) +11 ( 2 2111 ) +6 ( 2 2 2 1 )  + 8 ( 3 1 1 1 1 )  +4 ( 3 2 1 1 )  + 2 ( 3 2 2 )  + ( 3 3 1 )
+ (4111 ) + ( 4 2 1 )
{ 4 111 }  •20 ( 1111111 ) + 1 0 ( 2 1 1 1 1 1 )  +4 ( 2 2 1 1 1 )  + 2 ( 2 2 2 1 )  +4 ( 31111 ) + ( 3211 ) + ( 3 2 2 )  + ( 3 31 ) 
+ ( 4 1 1 1 )
{ 33 1 )  • 2 1 ( 1 11 1111 ) +11 ( 2 11111 ) +6 ( 2 2 11 1 ) + 3 ( 2 2 2 1 )  + ( 3 1 1 1 1 )  + ( 32 1 1 )  + ( 3 2 2 )  + ( 3 3 1 )  
{ 3 2 2 )  • 2 1 ( 111111 1 )  +10 ( 2 1 1 1 1 1 ) +5 ( 2 2 1 1 1 )  + 3 ( 2 2 2 1 )  + ( 31 1 1 1 )  + ( 3 2 11 ) + ( 3 2 2 )  
{ 3 211 ) • 35 (1 1 1 1 1 1 1 )  +15 ( 211111 ) +6 ( 2 2 1 1 1 )  + 2 ( 2 2 2 1 )  + ( 3 11 1 1 )  + ( 3 2 1 1 )  
{ 31111 ) •15 ( 1 1 1 1 1 1 1 )  +5 ( 21 1 1 1 1 ) + ( 2 2 1 1 1 )  + ( 2 2 2 1 )  + ( 3 1 1 1 1 )  
{ 2 2 2 1 )  • 1 4 ( 1111111 ) +2 ( 2 1111 1 )  + ( 2 2 1 1 1 ) + ( 2 2 2 1 )  
{ 2 2 1 1 1 )  •14 ( 11111 1 1 )  + ( 2 11 1 1 1 )  + ( 2 2 11 1 )  
( 211111 ) •6 ( 1 111111 )  + ( 21 1 1 1 1 )  
( 11 1 1 1 1 1 )  • ( 1 1111 1 1 )  
{ 8 ) • ( 1 11 1 1 1 1 1 )  + ( 2 1 11111 )  + ( 2 21111 ) + ( 2 2 2 1 1 )  + ( 2 2 2 2 )  + ( 31 1 1 1 1 )  + ( 3 2 1 1 1 )  + ( 3 2 2 1 )  
+ ( 3 31 1 )  + ( 332 ) + ( 4 1111 ) + ( 4 2 1 1 )  + ( 4 2 2 )  + ( 431 ) + ( 4 4 ) + ( 5 111 ) + ( 5 2 1 )  + ( 5 3 )
+ ( 6 1 1 )  + ( 6 2 ) + ( 7 1 )  + ( 8 )
{ 71 )  • 7 ( 11111111 ) +6 ( 2111111 ) +5 ( 2 21 1 1 1 )  +4 ( 2 2 2 1 1 )  + 3 ( 2 2 2 2 )  +5 ( 3 1 1 1 1 1 ) +4 ( 32 1 1 1 ) + 3 ( 3 2 2 1 )  
+3 ( 3311 ) +2 (332 ) + 4 ( 4 1 11 1 )  + 3 ( 4 2 1 1 )  + 2 ( 4 2 2 )  + 2 ( 4 3 1 )  + ( 4 4 )  + 3 ( 5 1 1 1 )  + 2 ( 5 2 1 )  + ( 5 3 )
+2 ( 611 ) + ( 6 2 )  + ( 7 1 )
{ 6 2 )  • 2 0 ( 11111111 )  + 15 ( 2 11 1111 ) +11 ( 2 211 1 1 )  +8 ( 2 2 2 1 1 )  + 6 ( 2 2 2 2 )  +1 0 ( 31 1 1 1 1 ) +7 ( 3211 1 )  
+ 5 ( 32 2 1 )  + 4 ( 3 311 ) + 3 ( 3 3 2 )  +G ( 4 1lll ) +4 ( 4 2 1 1 )  + 3 ( 4 2 2 )  +2 ( 4 3 1 )  + ( 4 4 )  + 3 ( 51 1 1 )  + 2 ( 5 21 )
+ ( 5 3 )  + ( 6 1 1 )  + ( 6 2 )
The Expansion of S-Functions as Mononomials (contd) 
1 6 0  
{ 6 1 1 }  • 2 1 ( 1 1 1 1 1 1 1 1 )  +15 ( 2 111111 ) + 1 0 ( 2 2 111 1 )  +6 ( 2 2211 ) +4 ( 2 2 2 2 ) +10 ( 3 1 1 11 1 )  +6 ( 32 1 1 1 ) 
+ 3 ( 3 2 2 1 )  + 3 ( 33 1 1 )  + 2 ( 3 3 2 )  +6 ( 4 11 11 ) + 3 ( 4 2 11 ) + 2 ( 4 2 2 )  + ( 4 3 1 ) + ( 4 4 )  +!(51 1 1 )  + ( 5 2 1 )
+ ( 5 3 )  + ( 6 1 1 )
{ 5 3 )  • 2 8 (1 1111111 ) +19 ( 2 1 1 1 1 1 1 )  + 1 3 ( 2 2 11 1 1 )  +9 ( 2 2 2 1 1 )  +6 ( 2 2 2 2 )  +1 0 ( 3 11111 ) + 7 ( 32111 ) 
+5 ( 3 2 2 1 )  +4 ( 3311 ) + 3 ( 3 3 2 )  +4 ( 4 1 1 1 1 ) +3 ( 4 2 11 ) +2 ( 4 2 2 ) + 2 ( 4 3 1 )  + ( 4 4 )  + ( 5 1 1 1 )  + ( 5 21 )
+ ( 5 3 )
( 52 1 )  •6 4 ( 1 1111111 ) +40 ( 2 1 1 1 1 1 1 )  + 2 4 ( 2 21111 ) +14 ( 2 2 2 11 ) +8 ( 2 2 2 2 )  +20 ( 3 111 1 1 )  +11 ( 32 11 1 )  
+ 6 ( 3 2 2 1 )  +4 ( 3311 ) +2 ( 3 32 ) + 8 ( 4 1111 ) + 4 ( 4 2 11 )  + 2 ( 4 2 2 )  + ( 4 3 1 )  + ( 4 4 )  + ( 5 111 ) + ( 5 2 1 )
( 5 1 1 1 }  •35 ( 11 1 1 1 1 1 1 )  +20 ( 2 11111 1 )  + 10 ( 2 2 1111 ) +4 ( 2 2 2 1 1 )  +2 ( 2 2 2 2 )  +10 ( 311 111 ) +4 ( 3 2 1 1 1 )  
+ 2 ( 3 2 2 1 )  + ( 3 3 1 1 )  + ( 332 ) +4 (4 1111 ) + ( 4 211 ) + ( 4 2 2 )  + ( 4 3 1 ) + ( 4 4 )  + ( 5 111 )
( 44 )  •14 ( 11 1 1 1 1 1 1 )  +9 ( 2111111 )  +6 ( 2 2 1 1 1 1 )  +4 ( 2 2 2 1 1 )  + 3 ( 2 2 2 2 )  + 4 ( 31111 1 )  + 3 ( 3 2 1 1 1 )  + 2 (3221 ) 
+2 (3 311 ) + ( 3 3 2 )  + ( 4 11 1 1 )  + ( 4 2 11 ) + ( 4 2 2 ) + ( 4 3 1 )  + ( 4 4 )
( 4 3 1 }  •70 ( 1 1111111 )  +40 ( 2 1 1 1 1 1 1 )  + 2 3 ( 2 21111 ) +1 3 ( 2 2 2 11 )  + 7 ( 2 2 2 2 )  +15 ( 311111 ) +9 ( 3 2 1 1 1 )  
+ 5 ( 3 2 2 1 )  +4 ( 3 311 ) + 2 ( 3 3 2 )  + ( 4 1 1 1 1 )  + ( 4 2 11 )  + ( 4 2 2 )  + ( 4 3 1 )
( 4 2 2 )  •56 (1 1111111 ) +30 ( 2 111111 ) +16 ( 2 2 1 1 1 1 )  +9 ( 2 221 1 ) +6 ( 2 2 2 2 )  +10 ( 31 1 111 ) +5 ( 3 21 1 1 )  
+ 3 ( 3 2 2 1 )  + ( 3311 ) + ( 3 3 2 )  + (4 11 1 1 ) + ( 4 2 11 ) + ( 4 2 2 )
, ( 4 2 1 1 }  • 90 ( 1 1 111111 ) +45 ( 2 1 1 1 1 1 1 )  + 2 1 ( 2 2 11 1 1 )  +9 ( 2 2 2 11 )  + 4 ( 2 2 2 2 )  +1 5 ( 3111 1 1 )  +6 ( 32111 )
+ 2 ( 3 2 2 1 )  + ( 3311 ) + ( 3 32 ) + ( 4 11 1 1 ) + ( 4 2 1 1 )
( 4 1111 ) •35 (1 1111111 )  +15 ( 2 1 1 1 1 1 1 )  + 5 ( 2 21111 ) +2 ( 2 2 2 1 1 )  + ( 2 2 2 2 ) + 5 ( 31 1 1 1 1 )  + ( 3 2111 )
+ ( 3 221 ) + ( 3311 ) + ( 3 32 ) • ( 4 1 1 1 1 )
{ 3 3 2 )  •42 ( 11 1 1 1 1 1 1 )  + 2 1 ( 2 1 1 1 1 1 1 )  +1 1 ( 2 2 1 1 1 1 )  +6 ( 2 2 211 ) + 3 ( 2 2 2 2 ) + ( 3 11111 ) + ( 3 2 1 1 1 )
+ ( 3 2 2 1 )  + ( 3 311 l + ( 3 32 )"
{ 3 311 )  •56 (11111 1 1 1 )  + 26 ( 21111 1 1 )  +1 2 ( 2 21 1 1 1 )  + 5 ( 2 2 2 1 1 )  + 3 ( 2 2 2 2 )  + ( 31 1 1 1 1 )  + ( 3 2111 )
+ ( 3 2 2 1 ) · •  ( 3 3 1 1 )
{ 3221 ) • 7 0 ( 11111111 ) +30 ( 2 1111 1 1 ) + 1 3 ( 2 2111 1 )  +6 ( 2 2 2 11 ) + 3 ( 2 2 2 2 )  +2 ( 31 1 1 11 ) + ( 3 211 1 )
+ 0221 )
{ 32111 } •64 ( 111111 1 1 )  +24 ( 2 111111 ) +8 ( 221111 ) + 2 ( 2 2 2 1 1 )  + ( 2 2 2 2 )  + ( 311111 ) + ( 32 1 1 1 )  
{ 31 1 1 1 1 }  • 21 ( 1111111 1 )  +6 ( 21 1 1 111 ) + ( 22 1 11 1 )  + ( 2 2 2 11 ) + ( 2 2 2 2 ) + ( 31 1 1 1 1 )  
{ 2 2 22 ) •14 ( 1 1111111 ) + 2 ( 21111 1 1 )  + ( 2 21 1 11 ) + ( 2 2 2 1 1 )  + ( 2 2 2 2 )  
{ 2 2 21 1 }  • 2 8 ( 1 1 1 1 1 1 1 1 )  +3 ( 2 1 1 1 1 1 1 )  + ( 2 2 1 11 1 )  + ( 2 2 2 1 1 ) 
{ 2 2 1 1 1 1 1  •20 ( 1 1 1111 1 1 )  + ( 2 1111 1 1 )  + ( 2 2 1 1 1 1 )  
{ 2 111111 }  • 7 ( 11111111 ) • ( 2 1 1 1 1 1 1 )  
{ 11111111 } • ( 1 1 1 11111 ) 
The Outer Plethysm of S-Functions of One Part 
{ 2 ) ., { 2 ) • { 2 2 )  + { 4 )  
{ 2 } ., { 2 ) 1 • 0 1 )  
{ 3 )  " { 2 }  • ! 4 2 }  + { 6 } 
{ 3 ) 0 { 2 ) 1 - 0 3 )  + { 5 1 )  
{ 2 ) 0 { 3 ) • { 2 2 2 )  + { 4 2 )  + { 6 ) 
{ 2 } ., { 3 } '  • { 3 3 )  + { 4 1 1 )
{ 4 ) 0 { 2 ) • { 4 4 )  + { 6 2 )  + { 8 }  
{ 4 ) .,, { 2 ) '  • ! 5 3 )  + { 7 1 )  
{ 2 )  " { 4 } • { 2 2 2 2 }  + { 4 2 2 )  + { 4 4 )  + { 6 2 )  + { 8 }  
{ 2 )  • { 4 ) 1 • { 4 31 } + { S 1 1 1 ) 
{ 3 } " { 3 ) • { 4 4 1 )  + { 5 2 2 }  + { 6 3 )  + { 7 2 }  + { 9 }
{ 3 } 0 { 3 ) 1 • { 3 3 3 )  + { S 3 1 ) + { 6 3 }  + { 7 1 1 } 
{ 5 )  " { 2 }  • { 6 4 )  + { 8 2 )  + { 1 0 }  
{ 5 )  0 { 2 ) 1 • { 5 5 }  + { 7 3 )  + { 9 1 }  
{ 2 ) 0 { 5 }  • { 2 2 2 2 2 }  + { 4 2 2 2 }  + { 4 4 2 }  + { 6 2 2 )  + { 6 4 }  + ( 8 2 )  + { 1 0 }  
{ 2 )  0 { 5 } 1 • { 4 4 2 )  + { 5 3 1 1 ) + { 6 1 1 1 1 } 
{ 6 } 0 { 2 ) • { 6 6 )  + { 8 4 )  + { 1 0 2 )  + { 1 2 }
{ 6 } " { 2 } '  • ( 7 5 }  + { 9 3 }  + { 1 1 1 } 
16 1 
{ 4 } " { 3 } • { 4 4 4 }  + { 6 4 2 }  + { 6 6 }  + { 74 1 }  + { 8 2 2 }  + { 8 4 }  + { 9 3 )  + { 1 0 2 }  + { 1 2 }
{ 4 } " { 3 ) 1 • { 5 5 2 }  + { 6 33 ) + { 74 1 }  + { 75 }  + { 8 3 1 }  + { !1 3 )  + { 1 0 1 1 }
{ 3 } " ! 4 } • { 4 4 4 )  + { S 4 2 1 }  + { 6 2 2 2 )  + { 6 4 2 )  + { 66 }  + { 7 3 2 )  + { 7 4 1 }  + { 8 2 2 }  + { 8 4 )  + { 9 3 }
+ { 1 0 2 )  + { 1 2 )  
{ 3 ) " ( 4 ) 1 • { 3 3 3 3 )  + ( 5 3 3 1 } + { 5 5 1 1 }  + { 6 3 3 }  + { 6 4 2 }  + { 66 )  + { 7 31 1 )  + { 7 4 1 )  + { 8 31 ) 
+ { 9 1 1 1 }  
{ 2 } 0 { 6 } • { 2 2 2 2 2 2 )  + { 4 2 2 2 2 }  + { 44 2 2 }  + { 4 44 ) + { 6 2 2 2 )  � { 6 4 2 }  + { 6 6 }  + { 8 2 2 }  + { 8 4 }
+ { 10 2 )  + { 1 2 )  
{ 2 } 0 { 6 } 1 • { 4 4 4 )  + { 5 4 2 1 }  + { 6 31 1 1 )  + { 7 1 1 1 1 1 }
{ 7 } 0 { 2 } • { 8 6 )  + { 1 0 4 }  + { 1 2 2 }  + { H } 
{ 7 } ., { 2 } 1 • { 7 7 }  + { 9 5 }  + { 1 1 3 )  + { 13 1 ) 
{ 2 } 0 { 7 } • { 2 2 2 2 2 2 2 }  + { 4 2 2 2 2 2 )  + { 44 2 2 2 )  + { 4 44 2 )  + { 6 2 2 2 2 }  + { 6 4 2 2 )  + { 64 4 }  + { 66 2 }
+ { 8 2 2 2 } + { 8 4 2 }  + { 8 6 }  + { 1 0 2 2 )  + { 1 0 4 )  + { 1 2 2 )  + { 1 4 }
{ 2 ) " { 7 } 1 • { 5 4 4 1 ) + { 5 5 2 2 )  + { 6 4 2 1 1 ) + { 7 3 1 1 1 1 ) + { 8 1 1 1 1 1 1 }  
{ 5 } 0 { 3 )  • { 6 6 3 ) + { 7 4 4 ) + { 8 5 2 ) + { 8 6 1 }  + { 9 4 2 }  + { 9 6 }  + { 1 0 4 1 )  + { ! 05 } + { 1 1 2 2 } + { 1 1 4 )
{ 5 )  .. 1 3 1 • ·.< r H h ·.
1 rH!t.< fBl } • { 8 5 2 )  • ·1 9 3 3 )  • { 9 5 1 )  • { 9 6 )  • { 1 0 4 1 )  • { 1 0 5 ) 
+ { 11 3 1 )  + { 1 2 3 )  + { 1 3 1 1 }  
{ 3 } • { S }  • ( 5 4 4 2 }  + { 5 5 3 1 1 )  + ( 64 2 2 1 }  + { 6 4 4 1 )  + { 6 5 2 2 }  + { £ 6 3 }  + { 7 2 2 2 2 )  + { 74 2 2 )  
+ { 7 4 3 1 }  + ( 7 4 4 )  + { 75 2 1 )  + { 7 6 2 }  + { 2 3 2 2 )  + { 8 4 2 1 )  + { 8 4 3 )  + { 2 5 2 }  + { 8 6 1 )
+ ( 9 2 2 2 )  + 2 { 94 2 )  + { 9 6 )  + { 1 0 3 2 ) + { 1 0 4 1 ) + { 10 5 )  + { 11 2 2 )  + { 1 1 4 } + { 1 2 3 )
+ { 1 :5 2 ) + { 1 5 )  
( 3 ) 0 { 5 ) 1 • ! 3 3 3 3 3 i  + { 5 3 3 3 1 }  + { 5 5 3 1 1 }  + { 6 3 3 3 )  + { 6 4 3 2 ) + { 6 5 3 1 }  + { 6 6 3 )  + { 7 3 3 1 1 ) 
+ { 7 4 3 1 )  + { 7 4 4 ) + { 75 1 1 1 )  + { 7 5 2 1 }  + { 7 6 2 }  + { 8 3 3 1 )  + { 8 4 2 1 )  + { 8 4 3 }  + { 8 5 1 1 )
+ { 8 6 1 )  + { 9 31 1 1 )  + { 9 4 1 1 }  + { 9 4 2 }  + { 1 0 3 1 1 }  + ( 1 1 1 1 1 1 }  
( 8 ) 0 { 2 ) • { 8 8 )  + { 1 0 6 )  + { 1 2 4 )  + { 14 2 )  + { 1 6 }
! S l " { 2 } 1 • ( 9 7 )  + ( 1 1 5 )  + ! 1 3 3 }  + { 15 1 }  
{ 4 }  0 { 4 )  • { 4 4 4 4 )  + { 64 4 2 ) + { 6 G 2 2 }  + { 66 4 )  + { 7 4 4 1 ) + 1 75 3 1 }  + { 7 6 3 )  + ( 7 7 1 1 )  + 1 8 4 2 2 )
+ 2 { 8 4 4 ) + ( 8 5 2 1 )  + 2 { 8 6 2 )  + { 8 8 }  + ! D 4 2 1 )  + ( D 4 3 l  + ( 9 5 2 }  + { 9 61 ) + { 1 0 2 2 2 )  
+ 2 ( 10 4 2 }  + { 1 051 ) + 2 { 1 0 6 )  + { 1 1 3 2 ) + { 1 1 4 1 }  + { 1 2 2 2 }  + 2 { 1 2 4 }  + { 1 3 3 )  + { 1 11 2 }
+ { 1 6 )  
( 4 ) ., { 4 ) '  • ( 5 5 5 1 }  + { 6 5 3 2 )  + { 7 3 3 3 )  + { 7 5 3 1 }  + { 7 5 4 }  + { 7 6 3 }  + { 7 7 1 1 }  + { 8 4 3 1 )  + { 2 5 2 1 }
+ { & 5 3 )  + { 8 6 2 )  + { 8 7 1 )  + { D 3 3 1 } � { 9 4 3 }  + 1 9 5 1 1 }  + { 9 5 2 }  + { 9 E l )  + { 1 0 3 3 }  
+ ( 1 0 4 1 1 }  + { 1 0 4 2 } + { 10 5 1 }  + { l O G }  + { 1 1 3 1 1 )  + { 11 4 1 )  • 1 1 2 3 1 )  + { 1 3 1 1 1 } 
{ 2 } .,, { 8 )  • { 2 2 2 2 2 2 2 2 }  � { 4 2 2 2 2 2 2 ) + ( 44 2 2 2 2 )  + ( 4 4 4 2 2 )  + { 4 4 4 4 )  + { E 2 2 2 2 2 }  + 1 & 4 2 2 2 )
+ { 6 4 4 2 )  + ( 6 6 2 2 )  + { G 6 4 )  + { 8 2 2 2 2 )  + { 8 4 2 2 )  + { 8 4 4 }  + { 8 6 2 }  + { 8 8 )  + 1 1 0 2 2 2 )
+ ( 1 0 4 2 }  + { l O G }  + ( 12 2 2 )  + { 1 2 4 }  + { 1 4 2 )  + { l G }  
( 2 ) A { 8 } 1 • { 5 5 4 2 }  + { G 4 4 l l }  + { G S 2 2 1 }  + { 7 4 2 1 1 1 ) + { 8 3 1 11 1 1 } + 1 9 1 1 1 1 1 1 1 )
( 9 ) A { 2 ) • { 1 0 8 }  + { 1 2 6 )  + { 1 4 4 )  + { l C. 2 }  + { 1 8 )
! i l : I H ' .· i ��g l : Hal l : HB! : I �n! : H6H 1 . 
+ { l l G l }  + { 1 2 4 2 }  + 2 { 1 2 6 }  + { 1 34 1 }  + { 1 35 } 
+ { 18 l 
{ 1 0 6 2 )  + { 10 7 1 }  + { 1 0 8 )  + ( 1 1 5 2 )  
+ ( 1 4 2 2 }  + { 14 4 )  + { 1 5 3 )  + { l F :? }
The Outer Ple thysm of S-Functions of One Part (contd) 
1 6 2  
! 6 l  0 O l ' • { 7 7 4 !  + { 8 5 5 }  + { 9 6 3 }  + { 9 7 2 } + { 99 )  + { l O B l  + ! 1 0 7 1 1  + ! 1 1 5 2 1  + ! 1 1 6 l l 
+ { 11 7 1  + { 1 2 } 3 }  + { 1 2 5 1 1  + { 1 2 6 }  + { 1 3 4 1 )  + { 1 3 5 ) + { 1 4 3 1 )  + { 1 5 3 )  + { 1 61 1 )
( 3 } e ( 6 ) • { 5 5 4 3 1 1  + { 5 5 5 1 1 1 )  + { 6 4 4 2 2 }  + { 64 4 4 )  + { 6 53 2 1 1 )  + { 6 5 4 2 1 }  + { 6 6 2 2 2 }  + { 6 6 4 2 }  
+ { 6 6 6 }  + { 74 2 2 2 1 )  + { 7 4 4 2 1 }  + { 7 4 4 3 }  + ( 7 5 2 2 2 )  + { 7 5 3 2 1 1  + { 75 41 1 }  + { 7 5 4 2 }  
+ { 76 2 2 1 )  + ( 7 6 3 2 } + { 7 6 4 1 )  + { 7 7 3 1 ) + { 8 2 2 2 2 2 )  + { 8 4 2 2 2 )  + { 8 4 3 2 1 }  + 2 { 8 4 4 2 }  
+ { 8 5 2 2 1 )  + { 8 5 3 1 1 )  + { 8 5 3 2 ) + ( 8 5 4 1 )  +2 ( 8 622 ) + { 8 6 3 1 }  + 2 ( 8 6 4 )  + ( 8 7 2 1 )  + ( 8 8 2 }
+ { 9 3 2 2 2 )  + { 9 4 2 2 1 }  + { 9 4 3 2 ) + 2 ( 9 4 4 1 )  + 2 { 9 5 2 2 )  + { 9 5 3 1 )  + { 9 6 2 1 )  + 2 { 9 6 3 )  + { 9 7 2 )
+ ( 10 2 2 2 2 )  + 2 { 1 0 4 2 2 )  + { 1 0 4 3 1 )  + 2 { 1 0 4 4 } + { 1 0 5 2 1 }  + 1 1 0 5 3 }  + 2 { 1 0 6 2 )  + 1 1 0 7 1 } 
+ { 1 0 8 }  + { 11 3 2 2 }  + { 1 14 2 1 }  + { 1 1 4 3 }  + 2 { 1 1 5 2 }  + { l l li l }  + 1 1 2 2 2 2 }  +2 { ! 2 4 2 }
+2( 1 2 6 }  + { 13 3 2 }  + { 1 3 4 1 )  + { 1 3 S }  + { 1 4 2 2 }  + { 1 4 4 }  + 1 1 S 3 )  + { 1 6 2 }  + 1 1 2 )  
{ 3 ) " { 6 ) 1 • 1 3 3 3 3 3 3 } + { 5 3 3 3 3 1 )  + { 5 S 3 3 1 1 }  + { S 5 5 1 1 1 }  + { 6 3 3 3 3 }  + { 6 4 3 3 2 }  + { 6 5 3 3 1 } 
+ { 6 5 4 2 1 }  + 2{ 66 3 3 }  + { 6 6 5 1 }  + { 7 33311 } + { 7 4 3 31 } + { 7 4 4 3 }  + { 7 5 3 1 1 1 }  + { 7 5 3 2 1 )
+ { 75 4 1 1 1  + ! 7 5 4 2 1 + { 7 6 31 1 1  + 1 76 3 2 )  + 1 7 6 11 1 1  + 1 7 7 1 1 1 1 }  + 1 7 7 2 2 1  + O n }  
+ { 8 3 3 3 1 } + { 8 4 32 1 }  + { 8 4 3 3 )  + { 8 4 4 2 ) + 2 { 8 5 3 1 1 )  + { e S 3 2 } + { 8 5 4 1 }  + 1 8 6 2 11 } 
+ 2 { 8 6 3 1 }  + { 8 64 ) + { 3 7 2 1 }  + { 8 8 1 1 )  + { 9 3 31 1 1 }  + { 9 4 3 1 1 )  + { 94 3 2 )  + 2 { 9 4 4 1 ) 
+ { 9 5 1 1 1 1 ! + { 9 S 2 1 1 )  + { 9 5 2 2 )  + ( 9 5 3 1 }  + ( 9 6 1 1 1 )  + ( 9 6 2 1 )  + { 9 6 3 ) + { 9 7 2 )+ { 1 0 3 3 1 1  + ( 1 0 4 2 1 1 }  + { 1 0 4 3 1 }  + ( 1 0 4 4 } + ( 1 0 5 1 1 1 ) + ( 10 5 2 1 } + ( 1 0 6 1 1 )  
+ ( 1 1 3 1 1 1 1 }  + ( 1 1 4 1 1 1 )  + { 1 1 4 2 1 )  + { 1 2 3 1 1 1 )  + { 1 3 1 1 1 1 1 ) "  
{ 2 } 0 { 9 }  • { 2 2 2 2 2 2 2 2 2 }  + { 4 2 2 2 2 2 2 2 )  + { 4 4 2 2 2 2 2 )  + { 4 4 4 2 2 2 } + { 4 4 4 4 2 }  + ( £ 2 2 2 2 2 2 )
+ ( 64 2 2 2 2 }  + { 6 4 4 2 2 }  + { 6 4 4 4 }  + { 6 6 2 2 2 ) + { 6 6 4 2 ) + { 6 6 6 )  + { 8 2 2 2 2 2 }  + { 8 4 2 2 2 }
+ { 8 4 4 2 }  + { 8 6 2 2 }  + { 8 6 4 }  + { 8 8 2 }  + { 1 0 2 2 2 2 )  + { 1 0 4 2 2 }  + { 1 0 4 4 }  + { 1 0 6 2 )  + { 1 0 8 }
+ { 12 2 2 2 }  + { 12 4 2 } + { 1 26 ) + { 14 2 2 } + { 1 4 4 }  + { 16 2 }  + { 18 )  
{ 2 } e { 9 } 1 • { 5 5 5 3 )  + { 65 4 2 1 }  + { 66 2 2 2 }  + { 7 4 4 11 1 }  + { 7 5 2 2 1 1 }  + { 2 4 2 11 1 1 }  + { 9 31 1 1 1 1 1 } 
+ { 1 0 1 1 1 1 1 1 1 1 )  
{ 1 0 } o { 2 } • { 1 0 1 0 )  + { 1 2 8 } + { 1 4 6 ) + { 1 6 4 )  + { 1 & 2 }  + { 2 0 )
{ 1 0 } e { 2 ) 1 • { 11 9 )  + { 1 3 7 1  + { 15 5 )  + { 1 7 3 }  + { 1 9 1 )  
{ 5 } e { 4 } • { 6 6 6 2 )  + { 7 6 4 3 )  + { 8 4 4 4 )  + { 8 6 4 2 )  + { 8 6 5 1 }  + { & G 6 )  + { 8 74 1 )  + { 8 8 2 2 )  + { 8 8 4 )
+ { 9 5 4 2 }  + { 9 6 3 2 ) + { 9 6 4 1 )  + { 9 6 5 )  + { 9 7 3 1 ) + { 9 7 4 }  + { 9 8 2 1 }  + { 9 8 3 )  + { 1 0 4 4 2 }
+ { 1 0 5 4 1 }  + { 1 0 6 2 2 }  + { 10 6 3 1 }  + 3 { 1 0 6 4 } + { 1 0 7 2 1 )  + { 1 0 7 3 }  + 2 { 1 0 8 2 )  + { 1 0 9 1 )
+ { 1 0 1 0 }  + { 1 1 4 4 1 ) + { 1 1 5 2 2 )  + { 1 1 5 3 1 } + { 1 1 5 4 )  + { 1 1 £ 2 1 } .+2{ 1 1 6 3 )  + { 1 1 7 1 1 } 
+2{ 1 1 7 2 )  + { 1 1 8 1 }  + { 1 2 4 2 2 }  + 2 { 1 2 4 4 } + { 1 2 5 2 1 )  + ( 1 2 5 3 }  + 3 ( 1 2 6 2 }  + { 1 2 7 1 )  
+2{ 1 2 8 }  + { 13 4 2 1 )  + { l 3 4 3 }  + 2 { 1 3 5 2 )  + 2 { 1 3 6 1 }  + { B 7 }  + ( 1 4 2 2 2 }  + 2 ( 1 4 4 2 }  + ( 1 4 5 1 ) 
+2{ 1 4 6 )  + ( 15 3 2 )  + { 1 5 4 1 )  + { 1 5 5 )  + ( 1 6 2 2 )  + 2 { 1 6 4 } + { 1 7 3 }  + { 1 £ 2 )  + { 2 0 }  
{ 5 } A { 4 } 1 • { 5 5 5 5 }  + ( 75 5 3 }  + { 7 7 3 3 }  + { 7 7 5 1 } + { 3 5 S 2 )  + { 8 6 4 2 }  + ( 8 7 4 1 } + ( 8 7 5 ) + ( 8 8 2 2 }
+ { 9 5 3 3 ) + 2 { 9 5 5 1 }  + { 9 6 3 2 }  + { 9 6 5 }  + 2 { 9 7 3 1 )  + { 9 7 4 }  + ( 9 8 3 )  + { 99 1 1 ) + { 1 � 5 3 2 }  
+ { 1 0 5 4 1 }  + { 10 5 5 }  + { 1 06 3 1 }  + 2 ( 1 0 6 4 }  + ( 10 7 2 1 } + 2 { 1 0 7 3 }  + 2 { 1 0 8 2 }  + { 1 0 !! 1 ) 
+ { 1 0 1 0 }  + { 1 1 3 3 3 } + 2 { 1 1 5 3 1 )  + { 1 1 5 4 }  + { 1 1 6 2 1 }  + 2 { 1 J 6 3 }  + 2 { 1 1 7 1 1 }  + ( 1 1 7 2 )
+ { 1 1 8 1 }  + { 1 2 4 3 1 } + { 1 2 5 2 1 }  + 2 { 1 2 5 3 }  + 2 { 1 2 E 2 }  + 2 { 1 2 7 1 )  + 1 1 2 8 } + { 1 3 3 3 1 } 
+ { 1 3 4 3 }  + 2 { 1 3 5 1 1 )  + { 1 3 5 2 ) + 2 1 1 3 G l )  + { 14 3 3 )  + ( 1 4 4 1 1 )  + { 1 4 4 2 ) + { 1 4 5 1 ) 
+ ! 14 6 }  + { 15 3 1 1 } + { 15 4 1 }  + { 1 6 3 1 }  + { 1 7 1 1 1 } 
{ 4 } 0 { 5 } • ( 4 4 4 4 4 }  + { 64 4 4 2 ) + ( 6 6 4 2 2 )  + ( 6 6 4 4 )  + { 6 6 6 2 ) + ( 7 4 4 11 1 )  + { 75 4 3 1 }  + ( 7 6 4 2 1 )
+ { 7 6 4 3 }  + { 7 6 5 2 }  + { 7 7 3 3 }  + { 7 74 1 1 }  + 1 77 5 1 1  + ( 8 4 4 2 2 )  +2{ £ 4 4 4 }  + ( 8 5 '4 2 l l
+ { & 5 4 3 }  + { 8 5 5 1 1 )  + { 8 G 2 2 2 )  + { 8 6 3 2 1 )  + 3 ( 8 6 4 2 }  + { 8 6 5 1 }  + 2 ( 8 6 6 }  + ! e 7 3 1 l l
+ { 8 7 32 ) + 2 {  8 7 4 1 }  + 2 (  8 8 2 2 }  + 2 {  8 3 4 )  + { 94 4 2 1 }  + { 9 4 4 3 }  + { 9 5 3 2 1 ) + { 9 S 4 1 1 } 
+ 2 f 9 5 4 2 l + { 9 6 2 2 1 }  + 2 ( 9 6 32 } + 3 { 9 6 4 1 )  + { 9 6 5 }  + { 9 7 2 1 1 }  + { 9 7 2 2 }  + 2 { 9 7 3 1 }  + { 9 7 4 }+ 9 8 2 1  + { 9 8 3 )  + { 1 0 4 2 2 2 ) + 3 1 1 0 4 4 2 )  + { 1 0 S 2 2 1 }  + ( 1 0 5 3 1 1 }  + { 10 5 3 2 }  + 2 { 1 0 5 4 1 } 
+ 3 {  1 0 6 2 2 )  + 2 { 1 0 6 3 1 }  + 4 {  1 0 6 4 ) + 2 {  1 0 7 2 1 )  + 2 {  1 0 7 3 }  + 3 {  1 0 8 2 )  + { 1 0 9 1 ) + { 1 0 1 0 }
+ { 1 1 4 2 2 1 }  + { 1 1 4 3 2 }  + 2 { 11 11 4 1 )  +2{ 1 1 5 2 2 )  + 2 { 1 1 5 3 1 } + { 1 1 5 4 }  + 2 { 1 1 6 2 1 }  + 3{ 1 1 6 3 }
+ { 1 1 7 1 1 }  + 2 { 1 1 7 2 }  + { 1 1 8 1 }  + { 1 2 2 2 2 2 ) + 2 { 1 2 4 2 2 }  + { 1 2 4 3 1 }  + 3 { 1 2 4 4 } + 2 { 1 2 5 2 1 ) 
+ { 12 5 3 )  + 4 { l 2 G 2 }  + ( 1 2 7 1 )  + 2 { 1 2 8 } + { 1 3 3 2 2 }  + { 1 3 4 2 1 }  + 2 { 1 3 4 3 }  + 2 ( 135 2 )  
+2( 1 3 6 1 ) + { 1 3 7 }  + { 1 4 2 2 2 }  +3( 1 4 4 2 }  + { 1 4 5 1 )  + 2 { 1 46 ) + { 1 5 3 2 )  + { 1 5 4 1 )  + ( 1 5 5 }
+ { 1 6 2 2 i + 2 { 1 6 4 ) + { 1 7 3 )  + { 1 8 2 )  + { 2 0 }  
{ 4 } 0 { 5 } '  • { 5 55 5 )  + { 6 5 5 3 1 )  + { 6 Ci 4 2 2 )  + { 7 5 3 3 2 }  + { 7 5 5 2 1 } + ( 7 5 5 3 }  + { 7 6 3 3 1 } + { 7 £ 4 3 ) 
+ { 76 5 2 }  + { 7 73 3 }  + { 7 7 4 1 1 } + { 7 7 5 1 }  + { 8 3 3 3 3 )  + { 8 5 3 3 1 )  + { 8 5 4 2 1 )  + { 8 5 4 3 } 
+ { 8 5 5 1 1 }  + { 8 5 5 2 }  + ( 8 6 3 2 1 }  + { 8 6 3 3 }  + 2 { 8 6 4 2 }  + { 8 6 5 1 }  + { 8 6 6 }  + { 2 7 3 1 1 )
+ { 8 732 ) + 2 ( 8 7 4 1 }  + ( 8 7 5 )  + { 3 8 2 2 )  + { 8 8 3 1 ) + { 8 8 4 }  + { 9 4 3 3 1 }  + { 9 5 3 2 1 ) + 2 { 9 5 3 3 }
+ { 9 5 4 1 1 }  + ( 9 5 4 2 )  + 2 { 9 5 5 1 ) + { 9 6 3 1 1 )  + 2 { 9 6 3 2 )  +2 ( 9 6 4 1 )  + { 9 6 S }  + { 9 7 2 1 1 )  
+ 3 { 9 7 3 1 }  + { !> 74 } + { 9 8 2 1 }  + { 9 8 3 )  + { 9 9 1 1 }  + { 1 0 3 3 3 1 } + ( 1 0 4 3 3 }  + ( 1 0 4 4 2 )
+ 2 { 1 0 5 3 1 1 )  + 2 { 1 0 5 32 ) + 2 { 1 0 5 11 1 }  + ( 10 6 2 2 )  + 3 { 10 <i 31 } + 3 ( 1 0 6 4 )  + ( 1 () 7 1 1 1 }  +2{ 10 7 2 1 } 
+2{ 1 0 7 3 }  + { 1 0 8 1 1 )  + 2 ( 1 0 8 2 )  + 1 1 0 1 0 )  + { 1 1 3 3 3 }  + { 1 1 4 3 1 1 }  + { 11 4 3 2 )  + { l l li U l
+ { 1 1 5 2 1 1 )  + 3 { 1 1 5 3 1 }  + 1 1 1 5 4 } + { 1 1 6 1 1 1 }  + 2 ( 1 1 C 2 1 }  + 2 1 1 1 6 3 }  + 2 { 1 1 7 1 1 }  + 1 1 1 7 2 )
+ { 1 1 8 1 }  + 1 1 2 3 3 1 1 }  + 2 ( 1 2 4 3 1 ) + 1 1 2 4 4 ) + { 1 2 5 1 1 1 )  + 2 1 1 2 5 2 1 } + 1 1 2 � 3 }  + { 1 2 6 1 1 }
+ 2 ( 1 2 6 2 }  + { 1 2 7 1 )  + ( 1 3 3 3 1 ) + { 1 3 4 1 1 1 }  + { 1 3 4 2 1 }  + { 1 3 4 3 }  +21 1 3 5 1 1 ) • { ! 3 6 1 )  
+ { 1 4 3 1 1 1 ) + { 1 4 4 1 1 }  + 1 1 4 4 2 }  + { 1 5 3 1 1 )  + { 1 6 1 1 1 1 }  
{ 2 )  0 { 1 0 }  • { 2 2 2 2 2 2 2 2 2 2 )  + { 4 2 2 2 2 2 2 2 2 }  + ( 4 4 2 2 2 2 2 2 )  + { 4 4 4 2 2 2 2 }  + { 4 4 4 4 2 2 }  + { 4 1i 4 4 4 }  
+ { 6 2 2 2 2 2 2 2 ) + ( 64 2 2 2 2 2 }  + 1 6 4 4 2 2 2 }  + ( 64 4 4 2 }  + { 6 6 2 2 2 2 }  + { 66 4 2 2 }  + { 6 6 4 4 )
+ { 6 6 6 2 }  + { 8 2 2 2 2 2 2 }  + ( 8 4 2 2 2 2 ) + { 8 4 4 2 2 }  + { & 4 4 4 }  + { 8 6 2 2 2 }  + { 8 6 4 2 }  + l f 6 E ) 
+ { 8 8 2 2 )  + { 8 8 4 ) + { 1 � 2 2 2 2 2 }  + { 1 0 1i 2 2 2 }  + 1 1 0 4 4 2 )  + 1 1 0 6 2 2 )  + 1 1 0 6 4 }  + 1 1 0 8 2 )
+ { 1 0 1 0 }  + { 1 2 2 2 2 2 }  + { 1 2 4 2 2 } + { 1 2 4 4 ) + ( 12 6 2 )  + { 1 2 8 }  + { 1 4 2 2 2 }  + ( 1 4 4 2 ) 
+ { 1 4 6 )  + { 1 6 2 2 }  + ! 1 6 4 }  + { 1 8 2 }  + ( 2 0 }  
The outer Plethysm of S-Functions of One Part (contd) 
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( 2 ) • { 10 } 1 • { 55 5 5 )  + { G5 5 31 }  + { G6 4 2 2 ) + { 7 5 4 211 }  + { 7 6 2 2 21 )  + { 2 4 4 111 1 )  + { 8 5 22111 )
+ ( 9 4 211 1 1 1 }  + { 10 31111111 ) + ( lllllll llll ) 
( 7 ) • { 3 } • { 8 8 5 )  + { 9 66 ) + { 10 74 ) + { 10 8 3 ) + { 10 101 )  + l 11Ci 4 } + 1 11 8 2 )  + { 12 63 } + 1 1 2 7 2 } 
+ { 1281 1 + ! 12 9 ) + { 1 3 44 ) + { 1 36 2 ) + I 13 71 )  + { 138 ) + { 11+ 5 2 !  + { 14 6 1 )  + { 111 7 )  
+ { 15 4 2 }  +2 { 156 }  + { 16 4 1 )  + { 16 5 )  + 1 1 7 2 2 }  + 1 1 74 ) + { 18 3 }  + { 19 2 )  + 1 2 1 )  
{ 7 } • { 3 ) 1 • { 7 77 ) + { 9 75 )  + { 9 9 3 ) + { 10 74 } + { 1155 } + { 1 1 7 3 )  + { 11 8 2 )  + { 11 9 1 )  + { 1 2 6 3 }
+ { 12 7 2 }  + I 1 2 9 }  + { 1 35 3 )  + 2 1 1 3 7 1 )  + 1 1 3 8 } + { 14 5 2 )  + I 1461 ) + { 1 4 7 } + 1 15 33 }  
+ 1 15 5 1 }  + { 15 6 }  + { 16 4 1 }  + { 16 5 )  + 1 1 731 }  + { 1 8 3 )  + { 19 1 1 }  
{ 3 } • { 7 } • { 5 5 5 33 }  + { 5 5 5 4 11 )  + { 65 4 3 2 1 }  + 1 6 54 4 2 )  + { 65 5 2 1 1 1 )  + { 65 5 3 1 1 ) + { 6 6 33 111 ) 
+ { 6642 2 1 }  + { 66 44 1 }  + { 66 5 2 2 ) + { 66 6 3 ) + { 744 2 2 2 }  + { 7 4 4 4 2 ) + { 75 3 2211 )  
+ { 7 5 4 2 2 1 )  + { 75 4 3 1 1 }  + { 7 5 4 3 2 ) + 1 75 4 4 1)  + { 7 55 2 1 1 }  + ( 7 5 5 3 1 }  + { 76 2 2 2 2 }  
+ { 7 63 2 2 1 }  + { 7642 11 }  + 2 { 764 2 2 } + { 7 6 4 3 1 }  + { 7 6 44 } + { 7 6 5 2 1)  + { 7 6 6 2 ) + { 7 7 2 22 1 }  
+ { 7 7 3 3 1 }  + { 7 7 4 2 1 }  + { 77 4 3 } + { 7 7 5 1 1 }  + { 8 4 22 22 1}  + { 8 4 4 2 2 1 }  + { 8 4 4 3 2 }  
+ { 8 4 4 4 1 )  + { 8 5 2 2 2 2 )  + { 8 5 32 2 1 }  + { 8 53 11 1 )  + { 8 5 4 2 1 1 }  +2 1 P 5 4 2 2 }  +2 1 8 S 431 } 
+ { 8 5 4 4 } + { 855111 } + { 8 5 5 2 1 } + ( 8 62 2 2 1 }  + { 8 6 32 1 1 }  +2 { 8 632 2 } + 3{ 8 E421 } +2 { 8 643}
+2 { 8652 } + { 86 6 1 }  + { 8 7 2 2 2 } + 2 ( 8 73 2 1 )  + { 8 7411 } + 2 ( 2 74 2 )  + { 8 75 1 }  + { 8 8 2 21 } 
+ { 8 8 32 }  + { 8 8 4 1 }  + { 8 85 }  + 1 9 2 2 2 2 2 2 )  + { 9 4 2 2 22 } + { 9 4 3 2 2 1 }  +2 1 9 44 2 2 t  + { 9 4 4 3 1 )  
+2{ 94 44 } + { 95 2 2 2 1 }  + { 9 5 3 2 11 } + { 9 5 32 2 }  + { 9 5 3 31 ) + 3{ 9 54 2 1 )  + { 95 4 3 )  + { 9 5511 ) 
+ 3{ 96 2 2 2 }  + 2 1 96 3 2 1 }  + { 96 3 3 } + { 9 6 4 11 }  + 4{ 96 4 2 }  + { 9 6 5 1 )  +2 ( 966 } + { 97 2 21 }  
+ { 973 1 1 }  +2 { 9732 ) + 2 ( 9 74 1 )  + 2 { 9 8 2 2 } ·+ { 9 8 31 ) + ( 9 84 ) + { 10 3 2 2 2 2 )  + ( 10 4 2 2 2 1 )
+ ( 1 04 3 2 2 } + 2{ 1 0 4 4 2 1 )  +2 { 1 0 4 4 3 } + 2 { 10 5 2 22 }  + 2 ( 10 5 3 21 )  + { 1 0 5411 ) +3{ 1 0 5 1i 2 ) 
+2 { 1062 2 1 )  + 3{ 10 632 }  + 3 { 1 0641 } + { 1065 )  + 2 { 1 0 7 2 2 }  + 2 1 10731 } +2 { 10 7 4 } + { 1 0 8 21 }
+2 ( 1 0 8 3 ) + { 10 9 2 )  + { 10 1 0 1 }  + { 11 2 2 2 2 2 }  + 2 ( 114 2 2 2 ) + { 11 4 32 1 }  + 3{ 1 1 4 4 2 }  
+ ( 11 5 2 2 1 }  + { 115 3 1 1 }  + 2 { 115 32 }  + 2 { 1 1 5 4 1 ) +3{ 11 6 2 2 )  +2{ 116 31 }  + 3{ 116 4 } +2 1 11 7 2 1 }  
+ { 11 7 3 }  +2{ 11 8 2 ) + { 12 32 2 2 ) + { 1 2 4 2 21 )  + { 1 24 3 2 } +2{ 1 2 44 1 }  +3{ 1 25 2 2 }  + { 12 531 }  
+ { 125 4 } + { 12 6 2 1 }  + 3{ 1 2 6 3} + 2 { 1 2 7 2 } + { 12 8 1 }  + { 12 9 ) + { 1 3 2 2 2 2 ) +2{ 1342 2 ) 
+ { 13 4 31 )  +2 { 1 3 4 4 } + { 1 35 2 1 )  + { 1 35 3 } + 3{ 1 3 6 2 ) + { 13 7 1 )  + { 1 3 8 }  + { 1 4 3 22 ) 
+ { 14421 ) + { 1 44 3 }  +2 { 1 4 5 2 ) + { 14 6 1 )  + { 1 4 7 } + { 15 2 2 2 )  + 2 { 15 4 2 ) + 2 { 1 56 )  + { 1 6 3 2 )
+ { 16 4 1 )  + { 16 5 )  + { 17 2 2 }  + ( 1 7 4 } + { 1 8 3 }  + { 19 2 }  + { 2 11  
{ 3 }  8 { 7 }  I • { 333 33 33 ) + { 5 3 33 3 31 )  + { 5 5 3 3 3 11 } + { 5 5 5 3 1 1 1 )  + { 6 33 3 33 }  + {"64 3 33 2 } 
+ { 65 3 331 }  + { 65 4 32 1 }  + { 65 5 31 1 )  +2 { 6 6 3 3 3 )  + { 6 6 4 3 2 }  + { 66 5 3 1 1  + ( 66 6 3 )  
+ { 7 3 33 31 1 )  + { 74 3 3 3 1 )  + { 7 4 4 33 }  + { 7 533111 } + { 75 33 2 1 )  + { 75 4 3 1 1 )  + { 75 4 3 2 )
+ { 75 4 4 1 }  + { 75 51 11 1 }  + { 75 5 2 1 1 }  + { 7 5 5 2 2 )  + { 7 6 3311 ) + { 7 6 3 32 } + { 76 4 2 1 1 )  
+2 { 764 31 )  + { 76 5 2 1 }  + { 76 53 } + { 76 6 11 )  + { 7 7 31111 )  + { 7 7 322 ) + { 7 7 411 1 }  
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+ { 8 5 5 2 1 )  + { 8 6 3 2 11 }  +3{ 8 6 3 3 1 )  + { 8 6 4 11 1 )  + 2 { 8 6 4 2 1 )  + 2 { 2 6 4 3 ) +2{ 8 6 5 1 1 }  + { 8 6 5 2 }
+ { 8 6 6 1 }  + { 8 7 3 1 1 1 }  +2 ( 8 7 3 2 1 }  + { 8 74 1 1 )  +2 { 8 74 2 )  + ( 8 751 )  +2{ 88 31 1 1 + { 8 8 41 )  
+ { 9333111 1 + { 9 4 3 311 1  + { 9 4 332 ) + 2 { 9 44 3 1 }  + ( 9 4 44 ) + { 9 53111 1 1  + { 9 5 3 2 11 )  
+ { 95 3 2 2 )  + { 9 5 33 1 }  + { 954 1 1 1 }  +3{ 9 54 2 1 }  + { 9 54 3 ) + { 95 5 2 )  +2{ 963111 }  +2{ 963 21 }
+2 { 9 633 )  +3{ 9 64 11 ) + 2 { 96 4 2 ) + { 96 5 1 )  + { 9 71 1 1 1 1 )  + { 9 7 2 1 1 1 )  + { 972 21 )  + { 9 7311 }
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+ { 1072 1 1 )  + { 10 7 2 2 ) + { 10 7 3 1 }  + { 1 0 74 ) + ( 10 8 1 1 1 }  + { 10 8 2 1 1  + ( 1 1331111 1  
+ { 114 3 1 1 1 }  + { 114 32 1 }  +2 { 11 4 4 1 1 )  + { 114 4 2 }  + ( 1 1 5 11111 ) + ( 115 2 111 }  + { 1 1 5 2 2 1 }
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+ { 12Cilll }  + { 1 33 1 1 1 1 1 )  + { 1 3 4 1111 } + { 1 34 2 11 )  + { 1 4 3 1111 ) + { 15111111 ) 
{ 11 ) e ( 2 ) • { 1 2 1 0 )  + { 14 8 ) + { 16 6 )  + ( 18 4 ) + { 2 0 2 )  + { 2 2 ) 
{ 11 ) • { 2 ) 1 • { 1111 )  + { 1 3 9 )  + { 15 7 }  + { 1 7 5 }  + 1 1 9 3 }  + ( 2 1 1 }  
{ 2 } � { 11 )  • { 2 2 2 2222 2 22 2 } + { 42 2 2 2 2 2 2 2 2 )  + { 4 4 2 2 2 2 2 2 2 )  + ( 44 4 2 2 2 2 2 ) + { 4 4 44 2 2 2 )  
+ { 444 44 2 )  + { 6 2 2 2 22 2 2 2 } + { 6 4 2 2 2 2 2 2 )  + { 6 4 4 222 2 } + { 6 4 4 4 2 2 }  + { E 44 4 4 }  
+ { 662 2 2 2 2 )  + { 66 4 2 2 2 ) + { 66 4 4 2 )  + { 66 6 2 2 )  + { 6 6 6 4 )  + ( 8 2 2 2 2 2 22 )  + { 8 4 2 2 2 2 2 ) 
+ ( 8 442 2 2 )  + { 8 4 4 4 2 ) + { 8 6 2 222 ) + { 8 6 4 22 } + { 8 64 4 )  + { 86 6 2 )  + { 8 2 2 2 2 ) + ( 8 8 4 2 )
+ { 88 6 )  + { 10 2 2 2 2 2 2 )  + { 10 4 2 2 2 2 )  + { 10 44 2 2 )  + { 10 4 4 4 )  + { 106 2 2 2 } + ( 10 6 4 2 )  
+ { 1066 ) + { 1 0 8 2 2 ) + { 10 8 4 } + { 1010 2 ) + { 12 22 2 2 2 } + { 1 2 4 2 2 2 }  + { 1 2 4 4 2 )  
+ { 12 6 2 2 )  + { 1 2 6 4 )  + { 12 8 2 ) + { 1 2 10 ) + { 1 4 2 2 2 2 ) + { 144 2 2 )  + { 1114 4 )  + { 1 4 6 2 }
+ { 1 4 8 }  + ( 16 2 2 2 ) + { 164 2 } + { 16 6 )  + { 18 2 2 ) + { 1 8 4 } + ( 20 2 )  + { 2 2 }  
{ 2 } • { 11 ) '  • { 65 5 5 1 )  + { 66 5 3 2 ) + { 75 5 3 1 1 )  + { 7 64 2 2 1 )  + { 77 2 2 2 2 )  + { 85 4 2111 ) + { 8 6 2 2211 ) 
+ { 9 4 411111 )  + { 9 5 2 2 1111 } + { 104 2 1111 1 1 )  + { 11 3l llllll l}  + { 12 1111111111 ) 
The Outer Plethysm of s-Functions 
{ 3 } e { 2 } • { 42 }  + { 6 } 
( 3 ) • { 11 )  • ( 33 )  + ( 5 1 }
{ 2 1 )  • ( 2 ) • ( 2 2 2 }  + ( 3 1 1 1 ) + ( 3 2 1 }  + ( 4 2 }
( 2 1 }  • { 11 }  • ( 22 1 1 }  + ( 32 1 }  + { 3 3 )  + { 1+11 )
( 2 ) 1t { 3 }  • { 2 2 2 }  + ( 4 2 }  + { 6 )
{ 2 ) 0 ( 2 1 }  • { 32 1 }  + { 42 }  + ( 5 1 }  
{ 2 )  e { 11 1 )  • ( 3 3 )  + ( 41 1 )  
{ 4 } e { 2 } • { 44 }  + { G 2 }  + { 8 }
( 4 ) 0 { 1 1 )  • { 5 3 )  • ( 71 )  
0 1 1 ., { 2 } • ( 3 31 1 }  • { 4 2 2 )  + { 4 3 1 }  + { 4 11 } + { 5 1
1 1 } + { 5 2 1 }  + ( 6 2 }
{ 31  • { 1 1 )  • { 33 2 )  + { 4 2 1 1 )  + { 4 3 1 )  + { 5 2 1 }  + { 5 3 }  + { 6 1 1 }  
{ 2 2 } • { 2 } • { 22 2 2 }  + ( 3 311 } + { 42 2 }  + { 4 4 }  
{ 2 2 } • { l l l  • { 32 2 1 )  + { 4 3 1 }
{ 2 } 0 { 4 } • { 22 2 2 }  + { 4 2 2 }  + { 4 4 }  + { 62 }  + { 8 }
( 2 ) e { 31 }  • ( 3 2 2 1 )  + { 4 2 2 }  + { 43 1 }  + { 5 2 1 }  + ( 5 3 )  + { 6 2 )  + ( 71 )
{ 2 } @ { 2 2 )  • { 33 1 1 }  + { 42 2 )  + ( 44 }  + { 5 2 1 }  + { 62 }
{ 2 ) 0 { 2 1 1  } • { 3 3  2 } + { 4 2 1 1  } + { 4 31  ) + { 5 2 1  } + { 5 3  } .+ { 611  l
( 2 ) a { l l l l l  • ( 4 3 1 }  + ( 51 1 1 }
{ 3 } 0 { 3 } • ( 44 1 )  + { 5 2 2 }  + ( 63 }  + { 72 }  + { 9 } 
1 6 4  
{ 3 } e ( 2 1 }  • { 43 2 )  + { 53 1 }  + ( 54 }  + { 62 1 }  + { 63 }  + { 72 }  + ( 81 }
{ 3 ) • ( 1 11 } • ( 3 3 3 }  + { 53 1 )  + { 63 }  + { 7 1 1 }
( 2 1 ) "' { 3 } • { 3 2 2 1 1 ) + { 32 2 2 }  + { 331 1 1 )  + { 33 2 1 }  + ( 33 3 }  + ( 4 1 1 1 1 1 }  + ( 4 2 1 1 1 )  +2( 4 2 21 }
+ { 431 1 )  + { 4 3 2 }  + { 4 4 1 }  + { 5 2 1 1 )  + { 5 2 2 }  + { 5 3 1 }  + { C 3 )
{ 2 1 } 1t { 21 )  • { 22 2 2 1 }  + { 32 1 1 1 1 )  +2 { 3 2 2 11 } + { 32 2 2 )  + { 331 1 1 }  +3{ 3 3 2 1 }  + 2 { 4 2 1 1 1 } +3{ 4 2 2 1 }
+3( 4311 } + 3{ 4 3 2 }  + { 44 1 }  + ( 51 1 1 1 ) + 2 ( 5 2 1 1 ) + ( 5 2 2 }  +2{ 5 3 1 )  + { 5 4 }  + { 62 1 )
{ 2 1 )  9 { 11 1 }  a { 2 2 2 1 1 1 } + { 32 2 1 1 }  + { 32 2 2 }  + { 3 31 1 1 )  + { 3 321 ) + { 33 3 }  + { 42 1 1 1 }  + { 42 21 }
+2{ 4311 ) + { 4 3 2 }  + { 4 4 1 }  + { 5 2 1 1 }  + { 5 2 2 }  + { 5 3 1 }  + ( 61 1 1 )
{ 5 )  0 { 2 ) • { 64 }  + { 8 2 )  + { 10 )  
{ 5 )  0 { 11 }  • { 55 )  + { 73 }  + { 91 }  
{ 4 1 )  0 { 2 } • { 411 2 }  + ( 53 1 1 } + { 5 4 1 }  + { G 2 2 }  + ( 6 3 1 }  + { G 4 )  + { 71 1 1 }  + { 72 1 )  + { £ 2 )  
{ 4 1 } 0 ( 11 }  • { 4 411 } + ( 53 2 )  + { 54 l l  + { 5 5 }  + ( 6 2 1 1 }  + { 6 31 ) + { 72 1 )  + { 73 }  + { 8 1 1 )
{ 3 2 )  0 { 2 } • { 33 3 1 } + { 42 2 2 }  + { 4 3 2 1 )  + { 44 2 }  + { 5 3 1 1 }  + { 5 32 ) + { 54 1 }  + f t2 2 }  + ! C 4 )
{ 32 )  e { 11 }  • ( 3 322 } + { 4 3 2 1 }  + { 4 3 3 }  + { 44 1 1 }  + ( 5 2 2 1 }  + { 5 3 2 }  + { 5 4 1 }  + { 5 5 }  + { 63 1 }
{ 31 1 )  0 { 2 )  • { 33 2 1 1 )  + { 4 2 1 1 1 1 }  + { 42 2 2 }  + { 4 31 1 1 }  + { 43 2 1 }  + { 44 2 }  + { 5 2 1 11 } + { 5 22 1 }
+ { 53 1 1 }  + { 61 1 1 1 } + { 62 2 }
{ 3 1 1 )  e { 11 }  • { 33 1 1 1 1 } + { 3322 )  + ( 42 2 1 1 }  + { 4 3 11 1 }  + ( 4 3 2 1 }  + { 44 1 1 )  + ( 5 111 1 1 }  
+ ( 52 1 11 } + { 52 2 1 )  + ( 5 3 2 )  + { 62 1 1 )
{ 2
2 ! 
0 { 5 ) • { 22 2 2 2 )  + { 42 2 2 )  + { 4 42 ) + ( 62 2 )  + { 64 )  + ( 6 2 )  + ( 1 0 }  
{ 0 { 4 1 }  • { 32 2 2 1 )  + { 42 2 2 )  + { 4 3 2 1 }  + { 44 2 }  + { 5 2 2 1 }  + { 5 3 2 }  + { 54 1 }  + { E 2 2 }  + { 631 } 
+ ( 64 }  + { 72 1 }  + { 73 }  + { 8 2 }  + { !) l }
{ 2 } 0 { 32 )  • { 33 2 1 1 }  + { 4 2 22 }  + { 4 32 1 }  + { 44 2 )  + { 5 2 2 1 )  + { 5 311 ) + { 5l 2 }  + { 5 41 } +2{ 62 2 }
+ { 6 31 ) + { 64 }  + { 72 1 )  + { 73 )  + ( 8 2 )
{ 2 ) 0 { 3 1 1 )  • { 33 2 2 ) + { 42 2 1 1 )  + { 4 3 2 1 )  + { 4 3 3 )  + { 441 1 )  + { 5 2 2 1 )  + { 53 1 1 )  +2{ 5 3 2 )  + { 54 1 )
+ { 55 }  + { 62 1 1 }  +2 { 6 3 1 )  + { 72 1 }  + ( 7 3 }  + { 8 1 1 }
( 2 ) 0 { 22 1 }  • { 3 331 ) + { 4 3 11 1 )  + ( 4 3 2 1 }  + ( 44 2 }  + ( 52 2 1 )  + { 5 311 )  + ( 5 3 2 )  + { 5 " 1 }  + ( 62 1 1 )
+ { 6 2 2 )  + { 6 31 } + { 64 }  + ( 7 2 1 }
( 2 ) "' ( 2 111 ) • { 43 2 1 )  + { 43 3 )  + { 44 1 1 )  + { 5 2 1 1 1 )  + { 5 3 1 1 )  + { 5 3 2 )  + { 54 1 }  + { 62 1 1 )  + { 63 1 )
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